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Abstract
We study the optimal lockdown policy for a planner who controls the fatalities of a
pandemic while minimizing the output costs of the lockdown. The policy depends on
the fraction of infected and susceptible in the population, prescribing a severe lockdown
beginning two weeks after the outbreak, covering 60% of the population after a month,
and gradually withdrawing to 20% of the population after 3 months. The intensity of
the optimal lockdown depends on the gradient of the fatality rate with respect to the
infected, and the availability of antibody testing that yields a welfare gain of 2% of GDP.
We discuss two extensions: the first endows the planner with a test-tracing-quarantine
instrument, which we show to complement the lockdown and increase efficiency. The
second studies optimal lockdown under the assumption that better technologies to deal
with the epidemic will be available in the near future.
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Introduction and Overview

We adopt a variation of the SIR epidemiology model reviewed by Atkeson (2020) and
Neumeyer (2020) to analyze the optimal control model for the COVID19 epidemic. Our aim
is to contribute to the ongoing discussion on the optimal policy response to the COVID19
shock. The typical approach in the epidemiology literature is to study the dynamics of the
pandemic, for infected, deaths, recovered, as functions of some exogenously chosen diffusion
parameters, which are in turn related to various policies, such as the partial lockdown of
schools, businesses, and other measures of diffusion mitigation, and where the diffusion parameters are stratified by age and individual covariates. This is the approach followed for
instance by Ferguson et al. (2020). We use a simplified version of these models to analyze
how to optimally balance the fatality induced by the epidemic with the output costs of the
lockdown policy.1 The novel aspect of our analysis is to explicitly formulate and solve a
control problem, where the diffusion parameter is affected by the lockdown, that is chosen to
maximize a social objective while taking into account the dynamic evolution of the system.2
A reason to write a planning problem directly is that, with social interactions, there is an
externality to be corrected, as understood in much of the search literature and as carefully
analyzed in Eichenbaum, Rebelo, and Trabandtz (2020) and Toxvaerd (2020). The state
of the problem is two dimensional and, in spite of its simplicity, it does not have an analytic solution. By computing the optimal policy and the associated trajectories, we aim to
gauge the key elements that determine the optimal intensity and duration of the lockdown.
We solve the problem under different scenarios, that include congestion effects in the health
care system, the effectiveness of the lockdown in reducing the diffusion of the virus and the
possibility of testing for antibodies.
We parametrize the model using a range of estimates about the COVID19 epidemic.
1

While the lockdown is not the only margin of action (other actions might involve reinforcing health
treatment capacity and incentivizing the development of vaccines), in the short run this seems to be an
important policy tool available and used by several countries.
2
An optimal control problem based on a very similar epidemiological model can be found in Hansen and
Troy (2011), but the objective function and the feasible policies are different.
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Since we recognize that several parameters are highly uncertain we explore a range of values
concerning the severity of the congestion effects on the fatality rate, a range of valuations
for the cost of lost lives, and the possibility of testing and releasing the recovered agents
from lockdown. The quantitative results are useful to gauge what parameters of the problem
are important in shaping the intensity and duration of the optimal lockdown policy. In our
baseline parameterization, conditional on a 1% fraction of infected agents at the outbreak,
the possibility of testing, and no cure for the disease, the optimal policy prescribes a lockdown
starting two weeks after the outbreak, covering 60% of the population after 1 month. The
lockdown is kept tight for about a full month, and is gradually withdrawn, covering 20% of
the population 3 months after the initial outbreak. The output cost of the lockdown is high,
equivalent to losing 8% of one year’s GDP (or, equivalently, a permanent reduction of 0.4%
of output). The total welfare costs is almost three times bigger due to the cost of deaths (see
Panel A in Figure 1 and Table 2).
These results are based on a relatively pessimistic parameterization of the fatality rate,
and on the fraction of the population that would have been infected if there was no lockdown.
In the less pessimistic cases, yet in our view still realistic, obtained by assuming a lower
fatality rate and/or a lower speed of spread of the virus, the optimal lockdown is shortened
by more than one month. The intensity of the optimal lockdown depends critically on the
gradient of the fatality rate as a function of the infected. If we consider a constant fatality
rate the intensity and duration of the lockdown are significantly reduced and, in some cases,
completely eliminated, even though the welfare cost of the pandemic remain high. On the
other hand, the value of the statistical life we use in our benchmark case (20 times annual
GDP per capita) is on the low range of the estimates in the literature. Following Hall, Jones,
and Klenow (2020), our benchmark value takes into account that the majority of the victims
of the virus have a below average life expectancy. A higher value of statistical life (say 30
times annual GDP per capita), makes the abandonment of the lockdown more gradual, taking
a bit more than six months to be totally abandoned. Considering a much larger value, in the
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order of 80 times the annual GDP per capita, implies a very strict lockdown that lasts for
about 9 months and maintains about 15% of the population in lockdown a year after.
Our benchmark scenario assumes that there is an antibody test that allows those that
recover to be issued an immunity card and go back to work, so that they are not subject to
the lockdown. In the absence of such a test the optimal lockdown is shorter, but it involves
roughly the same total number of hours lost due to the lockdown (see Figure 1 and Table 2).
The most salient feature of the case where a test is not available is that the lockdown ends
up sooner, more abruptly. The dynamics of the epidemiological model explain why this is
optimal: as time goes by, the fraction of those recovered increases, and thus the lockdown
becomes progressively less efficient to stop the transmission of the virus by locking down a
progressively larger fraction of those that do not transmit it. The availability of an antibody
test yields a large welfare gain, in the order of 2% of one year’s GDP. A byproduct of the
calculations is the benefit of the lockdown policy, measured as a percentage permanent GDP
flow of following the optimal policy vs the case of no lockdown (see Table 2). Under our
preferred values, the total welfare cost of the virus is equivalent to a loss of 30% to 40% of
one year’s GDP. From this loss, the part due to the lockdown of workers (forgone GDP) is
between 8% and 12% of one year’s GDP.
We conclude the paper exploring two extensions of the baseline that are relevant for
thinking of applications to an actual economy. The first extension considers a setting where
the planner’s controls include a trace-test-quarantine (TTQ) instrument. The goal is to
understand whether TTQ is a complement or a substitute of the lockdown policy. For
the case where there is an antibody test and the fatality rate is constant we show how to
incorporate TTQ in a two-state planning problem, which has computational advantages and,
more importantly, facilitates the interpretation and comparison with the case when only the
lockdown policy is available. Our findings show that there is a large overlap between the
region of the state space where the lockdown is used and the one where the TTQ is used.
While the overlap depends on parameters, it confirms the complementarity that is apparent
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from the analysis of the first order conditions of the problem.
The second extension takes a step towards realism by considering that one consequence
of the lockdown is to “buy time” and allow for better technologies to deal with the epidemic
to be available. Such technologies, unavailable at the time of the outbreak, include among
others antibody tests, more the ICU capacity, test-tracing apps and eventually a vaccine. The
expectation of improved instruments to deal with the epidemic creates a dynamic complementarity: the incentives for lockdown are strengthened because, by delaying the diffusion,
the planner will face the problem with better instruments and thus incur smaller losses. We
find several configuration of parameters for which optimal lockdown is zero if smart tracing
will not be available in the future, but where if lockdown is available in a couple of moths,
optimal lockdown is at its maximum value until the arrival of smart tracing.
Needless to say the analysis has limitations: the underlying model has no heterogeneity
in fatality rates nor in diffusion rates, the lockdown policy cannot be differentiated across
agent’s type (e.g. young versus old, workers vs retirees), see Favero, Ichino, and Rustichini
(2020) for a seminal exploration of the idea of an age and industry specific lockdown and
Acemoglu, Chernozhukov, Werning, and Whinston (2020) for an extension of our framework
that accounts for heterogeneous agents and allows for group-specific lockdowns. We also
ignore direct health interventions that might be put in place to mitigate the consequences of
the disease (e.g. compulsory social distancing and new emergency hospitals).
Our objective is similar to that of Eichenbaum, Rebelo, and Trabandtz (2020). While they
focus on a competitive equilibrium where a consumption tax is used to slow-down economic
activity and the epidemic diffusion, we focus on a simple planner’s problem. In our setup,
the interaction of the law of motion coming of the SIR model and the lockdown policy makes
the problem non-convex, which requires the use global methods.
There is vast amount of recent work studying similar optimal control problems. Among
the most closely related are the following: Farboodi, Jarosch, and Shimer (2020) discuss the
quadratic search both for an optimal allocation and for an equilibrium, Garriga, Manuelli,
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and Siddhartha (2020) study in detail the behavior before and after the appearance of a
vaccine, and Gonzalez-Eiras and Niepelt (2020) provide useful analytical characterizations.
The outline is as follows: the next section describes the epidemic model and the planner’s
problem. Section 3 discusses the parametrization of the model and Section 4 reports the
results of the optimal control problem, and quantifies welfare costs, under three scenarios: no
policy, lockdown with no antibody test, and lockdown with antibody tests. Section 5 presents
an extension where the policy maker has access to a technology to trace, test and quarantine
infected agents. Section 6 studies dynamic complementarities between the lockdown and
future policy improvements. Section 7 discusses future extensions.

2

A planner model of lockdown control

We start with a modified version of the SIR model as described in Atkeson (2020). Agents are
divided between those susceptible to be infected S(t), those infected I(t), and those recovered
R(t), i.e.
N (t) = S(t) + I(t) + R(t) for all t ≥ 0

(1)

The “recovered” include those that have been infected, survived the disease, and are now
assumed to be immune. Since we only include those that are alive N (t) is changing through
time. We normalize the initial population to N (0) = 1. The planner can lockdown a fraction
L(t) ∈ [0, L̄] of the population, where L̄ ≤ 1 allows us to consider that even in a disaster
scenario some economic activity such as energy and basic food production will continue. We
assume that the lockdown is only partially effective in eliminating the transmission of the
virus. When L agents are in lockdown, then (1 − θL) agents can transmit the virus, where
θ ∈ (0, 1] is a measure of the lockdown effectiveness. If θ = 1, the policy is fully effective in
curbing the diffusion but, since some contacts will still happen in the population even under
a full economic lockdown, we allow θ < 1.
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The law of motion of the susceptible agents is:

Ṡ(t) = −β S(t)(1 − θL(t)) I(t)(1 − θL(t))

(2)

where β is the number of susceptible agents per unit of time to whom an infected agent can
transmit the virus after contact. All susceptible agents that get the virus become infected.
For the infected, a fraction γ recovers, thus:

˙ = β S(t)(1 − θL(t)) I(t)(1 − θL(t)) − γI(t)
I(t)

(3)

Note that locking down a part of the population, while economically costly, can be very
powerful in reducing the rate at which susceptible agents become infected. This is because
it is the product of the infected and susceptible that determines the new infections per unit
of time. Hence, decreasing the number of contacts of each, decreases the new infections by
its square. In search theory Diamond and Maskin (1979, 1981) aptly named this feature
“quadratic search”.
A rate 0 < φ(I) ≤ γ per unit of time of those infected die. Thus, the population decreases
due to death as:

−Ṅ (t) = φ(I(t)) I(t)

(4)

While we assume that the rate γ at which infected recover is constant, the rate at which
the infected die varies with the number of infected I, according to

φ(I) = [ϕ + κI] γ .

(5)

The term [ϕ + κI] ∈ (0, 1) is the “case fatality rate” (CFR), namely the proportion of
infected persons that will die. It appears that the CFR is increasing with I, an assumption
that reflects congestion effects in the health care system. The multiplication of the CFR by
7

γ, the reciprocal of the infection expected duration, gives the fatality rate per unit of time.
We assume that each agent alive produces w units of output, when she is not in lockdown.
Agents are assumed to live forever, unless they die from the infection. The planner discounts
all values at the rate r > 0. We also assume that with probability ν per unit of time both a
vaccine and a cure appear, so that all infected are cured and all susceptible become immune.
The problem consists in minimizing the following (discounted at rate r + ν) present value:
Z

∞


h
i

e−(r+ν)t wL (t) τ (S(t) + I(t)) + 1 − τ + φ (I (t)) I (t) · vsl dt

(6)

0

The flow cost for the planner of having state (S, I) at t and selecting control L has two
components. The first one is wL [1 − τ + τ (S + I)], the output lost due to the lockdown. In
the case where an antibody test is available (τ = 1), so that an immunity card is released
to the recovered, this equals w times the lockdown rate L times the population to which it
applies, i.e. the sum of susceptible and infected. In the case where the test is not available
(τ = 0), the cost due the lockdown is wL.
The second component of the flow cost is the product of the number of deaths per period
times the shadow value assigned to each death, or the value of a statistical life (vsl). In
particular, if there are I infected, the deaths per unit of times are given by φ(I) I. The cost
of each fatality is given by the assumed value of a statistical life, which is discussed below.
The planner’s problem is subject to the law of motion of the susceptible equation (2), the
infected equation (3), the population, equation (4), and an initial condition (N (0), I(0), S(0))
with I(0) > 0 and S(0) + I(0) ≥ N (0). Finally, when the vaccine and cure arrives there is
no more cost, and thus the continuation value is zero.
The planner solves the following Bellman-Hamilton-Jacobi equation:
h
i
(r + ν)V (S, I) = min wL τ (S + I) + 1 − τ + Iφ(I) · vsl +
L∈[0,L̄]





− β S I(1 − θL)2 ∂S V (S, I) + β S I(1 − θL)2 − γI ∂I V (S, I)
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(7)

The domain of V is (S, I) ∈ R2 such that S + I ≤ 1. Note that V (S, I) can be interpreted as the minimum expected discounted cost of following the optimal policy in units of
forgone output. We solve this problem by discretizing the model to daily intervals, using
value function iteration over a dense grid for (S, I). Finally, note that the value function
has analytic expressions on the boundary of its domain, where the lockdown policy is not
exercised: on the I = 0 axis we have V (S, 0) = 0, for all S ∈ (0, 1). On the S = 0 axis we


ϕ
κI
+ r+ν+2γ
for all I ∈ (0, 1).
have V (0, I) = vsl · Iγ r+ν+γ
Discussion of modeling assumptions
1. We restrict the extent of the lockdown to L̄ ≤ 1. This takes into account that some
sectors cannot shut down (health, basic services, food production, etc.)
2. If θ = 1 the lockdown is able to completely stop the infections process, i.e. to achieve
Ṡ = 0 (at L = 1). If θ < 1 the effectiveness of the lockdown policy is partial (people
keep transmitting the virus) but at a lower rate.
3. In the law of motion for S and I, given by equation (2) and equation (3), we write
βIS(1 − θL)2 , instead of βIS(1 − θL)2 /N . This seems standard in the SIR literature,
although it would be preferable to scale them by N . But since the dead are a small
fraction of N we follow the literature, and thus shrink the state space.
4. Infected not in lockdown are assumed to produce as much as those susceptible or recovered not in lockdown. Conversely, agents in lockdown produce zero. Both assumptions
can be easily changed by rewriting the flow values of the objective function.
5. Agents are infinitely lived, except for the risk of dying of the virus. This simplification
is acceptable given the short time horizon of the problem. We do correct for the age
distribution of fatalities in our choice of the value of a statistical life.
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3

Parameterization of the model

We parameterize the model using data from the World Health Organization (WHO) compiled by the Johns Hopkins University Center for Systems Science and Engineering (JHU
CCSE) while acknowledging, like the rest of the recent literature, that at this point there is
considerable uncertainty about infection, recovery, and mortality rates. The data includes
the total cases, including separately those that have recovered and those that have died. We
define active cases as the total number of cases minus those that either recovered or died.
We use daily observations of all the countries that have registered at least 100 active cases
and include observations of the first 25 days after they first cross this threshold.
To calibrate β, the rate at which individuals who are infected bump into other people and
shed virus onto those people, we use the daily increase in active cases and assume a value
of 20 percent. The parameter γ governing the rate (per day) at which infected people either
recover or die is considered a fixed parameter of the disease and is set to γ=1/18 reflecting
an estimated duration of illness of 18 days as in Atkeson (2020) but also consistent with the
fraction of infected agents that recovered or died according to the WHO as compiled in JHU
CCSE.
We set the fatality rate ϕ = 0.01, which is consistent with the age-adjusted fatality rate
estimated form the Diamond Princess cruise ship and with the lower bound mortality rate in
the city of Vo’ Euganeo – two cases where there has been extensive testing. We set κ = 0.05
so the fatality rate is 3 percent when 40 percent of the population is infected. There is
considerable uncertainty on the fatality rate, mostly because the true rate of infected is not
really known. For instance, Eran, Jay, and Sood (2020) argue that the number of infected is
probably at least an order of magnitude larger, and thus the mortality rate much smaller.
We set the planner’s discount factor to be consistent with a 5 percent annual interest rate
and the per unit of time probability ν that a vaccine and a cure will appear so that it implies
that it takes on average a year and a half for these medical discoveries to become available.
We normalize output w=1 and adopt a baseline value of a statistical life of 20 times w. Note
10

that in this case, a unit of output produced by each agent, w, can be interpreted as GDP
per capita, let say 65,000 USD, and the shadow cost of each life lost used by the planner is
20 times annual GDP per capita, or about $1.3 Million USD.
Our choice of the benchmark value for vsl = 20, and hence of the penalty deaths, is in
line with Hall, Jones, and Klenow (2020). These authors use an utilitarian criterion to value
the extra years of life lost among those likely to die due to the infection, obtaining a cost of
about 30 times per capita annual consumption, which is very close to our benchmark.3 The
value of 20 annual per capita GDP is much lower than the typical figures for statistical value
of life, which are closer to $ 10 million, see Kniesner and Viscusi (2020), or about 150 GDP
per capita. We will report results for a range of alternative values, considering vsl of 10, 30
and 80 annual GPD per capita.
Lastly, we assume that even in a disaster scenario, economic sectors such as health,
government, retail, utilities, and food manufacturing will continue. These sectors combined
account for 25-30% of GDP (2018). Thus, we set L̄ = 0.7.
It goes without saying that the values for several parameter are speculative. We will
conduct some sensitivity analysis to illustrate their importance.

4

Results for the Baseline Model

We display the time path of the optimal policy starting at I(0) = 0.01, i.e. one percent of
population infected at t = 0 for our benchmark parameter values.4 In particular, we display
the time path of the optimal lockdown policy L(t) as function of time, the fraction of the
population for which lockdown applies L(t)[τ (S(t) + I(t)) + 1 − τ ], the path of infected I(t),
and the total accumulated fraction of dead up to time t. Recall that N (0) = 1, so both
3

Following Hall, Jones, and Klenow (2020), one can use that a year of life lost is valued as three times
annual consumption. Then, one can compute the expected number of years of lives lost to those that die as a
consequence of the virus, conditional on being infected. They obtain a number between 10 and 15 years, with
10 being their headline figure. Thus, 3 × 10 years× annual consumption per capita = 3 × 10 years × 2/3×
annual GDP per capita = 20 × annual GDP per capita.
4
We assume that the initial fraction of the population susceptible is 97%, or S(0) = 0.97.
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infected and the stock of dead can be all interpreted as fraction of the initial population. In
these graphs, the horizontal axis is time, conditional on the cure-vaccine not occurring before
that period. For comparison, we also plot the path if there is no lockdown policy, i.e. for
L(t) = 0 for all t ≥ 0.

Benchmark case. We present the results for our benchmark case first, and then implement
a sensitivity analysis. Our benchmark case favors a policy of lockdown due to the following
features: (i) the chosen values for the parameters β and γ of the SIR model imply that a large
fraction will be exposed to the virus if unchecked, lim S(t) ≈ 0.03 as t → ∞, (ii) we assume
that the fatality rate can increase from 1% to up to 3% of those infected when fraction of
infected goes from 5% to 40%, and (iii) we assume that those recovered can be identified and
hence they are not locked down. However our benchmark case uses a value of statistical life
of 20 times annual per capita GDP, which is in line with utilitarian values of life for those
likely to be affected by COVID-19, but an order of magnitude smaller than the average value
of a statistical life used in other public policy evaluations. We conduct sensitivity analysis
for each of the these assumptions below.

Benchmark case with testing. Panel A of Figure 1 presents the result for our benchmark
parameter case with testing. The first box in the panel shows the timeline for the optimal
lockdown. The lockdown starts two weeks after the epidemic outbreak. The fraction of
the population in lockdown peaks at 60%, about 1 month after the outbreak, and gradually
decreases to reach about 10% of the population by the 14th week of lockdown. The lockdown
ends in about 4 months. The policy yields a considerable flattening of the curve of infected,
as shown in the middle panel of the figure, by comparing the red (no lockdown) vs the blue
line (optimal policy). In the long run, the total number of deaths is about 0.80% smaller
with the optimal policy, as shown in the bottom panel of the figure.
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Benchmark case without testing. Panel B of Figure 1 shows the results of the case with
no test, τ = 0. In this case, the lockdown applies to anybody in the population, including
those that have recovered from the virus. Recall that in this case, it is less efficient to
lockdown agents because the recovered are also in lockdown, which has the cost of reducing
output without the benefit of reducing the transmission of the virus. In the case of no
test, the lockdown declines much more sharply than in the benchmark case with testing.
Interestingly, in both cases the lockdown involves similar costs in terms of forgone output,
since in the absence of testing the lockdown duration is shorter but it applies to a larger
fraction of people (recovered agents are also in lockdown). In spite of this similarity, we
show below that welfare under the optimal policy with testing is higher, in the order of a
permanent 0.1% GDP flow, which is equivalent to a one-time payment of 2% of GDP.

Details on the benchmark case with testing. Figure 2 displays the value function and
the optimal policy for the benchmark parameter values. The value function is plotted in the
right panel, for the relevant state space (S, I), and normalized so that rV (S, I)/w is on the
vertical axis. The units are permanent flow costs as a fraction of the total output before
the virus. Thus, a value of 0.02, means a cost equivalent to a permanent reduction of 2%
percent in the value of output (measured before the virus). On the boundary of the state
space, where S = 0 or I = 0, the function V (S, I) has the properties described in Section 2.
The left panel of Figure 2 plots a heat map of the optimal policy L∗ (S, I). Yellow indicates
higher value of the lockdown rate L, and blue indicates lower values of L. Note that close to
both boundaries, i.e. either S = 0 for I = 0, ie. it is optimal to have a zero lockdown rate.
The left panel also plots two paths, using the phase diagram over the state space (S, I). These
are the trajectories that the system will follow starting from the initial condition I(0) = 0.01
and S(0) = 0.97. The red path corresponds to the case of no intervention. The other path
–the dashed light blue line– gives the evolution of the state under the optimal policy. It can
be seen that the fraction of infected is much smaller under the lockdown policy. The two
paths coincide for a while, since the initial condition lies in the region of the state space
13

where lockdown is not optimal. Then the optimal path is controlled, and produces a much
lower fraction of infected. Eventually, the path moves to the region with no lockdown, which
occurs after the system has acquired herd immunity –note that at the end the trajectory I
is decreasing even if there is no lockdown. This phase diagram can be used to follow any
other alternative paths, such as what would happen if the optimal policy were to start after
the virus has been unchecked for a longer period of time. Note that unless the susceptible
have reached a very small number, starting the optimal policy later will involved immediate
lockdown, i.e. the path will start in the yellow area.
Depending on parameter values and initial conditions the optimal policy may imply an
early lockdown (for S, I pairs close to the I = 0 axis), followed by a relaxation of the policy
and then by another lockdown.5 We leave such cases for future investigations.

Lower effectiveness of lockdown. We explored the sensitivity to parameter values by
changing the effectiveness of the lockdown, i.e. reducing it from θ = 0.5 to θ = 0.3. In the
case of less effective lockdown the duration and severity are both smaller. The fraction of
population peaks in approximately 20 days, but it decreases at a faster rate, reaching zero
lockdown two months after the lockdown start. Instead, if the lockdown where to be more
effective, say θ = 0.7, the duration will be even longer.

Constant fatality rate function (no congestion of health care system). In this case
the results change dramatically, in the sense that if κ = 0 under the benchmark parameters
it is essentially optimal to have a zero lockdown. This is the case where the fatality rate is
constant at 1%, so there is no congestion on the health care system.

Different values of statistical life. Next we explore the consequences of a smaller implied
statistical value of life, half the value of the benchmark case. Unsurprisingly, the lower value
of vsl diminishes considerably the optimal lockdown level and duration, peaking at a lower
5

This can even be seen in the benchmark case, where there is a small isolated area of lockdown for very
small positive value of I and value of S approximately between 0.4 and 0.5.
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value than the benchmark case, and with duration from start to finish of about 50 days.
We also explored cases where the vsl is higher than our benchmark scenario. If we increase
the value of statistical life to 30 times annual GDP per capita –which is in the upper end
of the values consider by Hall, Jones, and Klenow (2020)6 In this case, the lockdown starts
in two weeks –a bit faster than the benchmark–, peaks in a month with about 60% of the
population in lockdown, and decreases linearly and slowly, until is abandoned slightly more
than six months after it stared. The fraction of population in lockdown reaches 10% only
after about 4 months after the lockdown started. In this case, the more aggressive, and
specially longer, lockdown policy implies that the fraction of death after the epidemic is over
is reduced by 1%, about 0.20% more than in the benchmark.
Finally we consider the value of statistical life of 80 annual per capita GDP where, as
expected, the optimal lockdown rate is very high and it last for a very long time. The
lockdown rate starts in two weeks, and L(t) = L̄ for about 8 months. The fraction of
population in lockdown reaches 50% slightly about 3 months after the lockdown started, and
it is approximately 15% a year into the lockdown, when L(t) is below its allowed maximum.

Two cases with less pessimistic parameter values. In the first case the value of β is
half of the benchmark value, β = 0.10, so the virus spreads a slower pace and it reaches a
lower fraction of the population even if L(t) = 0 for all t. In the second case, the baseline
mortality rate is half of that in the benchmark case, i.e. ϕ = 0.005. Otherwise all the
parameters are as in the benchmark case. In both cases the lockdown is at least one month
shorter.

4.1

Size of the welfare cost under optimal policy

Table 2 summarizes the value of following the optimal policy vs. the value where there is no
lockdown, for different parameter values.
6

This is consistent with a value of each year of extra life of 3 times annual consumption per capita, times
15 years of lost life expectancy conditional on dying after being infected.
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Our preferred summary measure is to report rV (S(0), I(0))/w. This number is the total
expected discounted sum of future losses, both due to the lost GDP caused by the lockdown
in all future periods, as well as the values of the lost lives, where every life is evaluated using
vsl. The multiplication by r in rV (S(0), I(0))/w, converts the expected present values into
a permanent annual flow, and the division by w relates it to the output flow before the virus
outbreak. We report separately the part of the flow cost rV (S(0), I(0))/w that is purely due
to the output cost of the shutdown.7 The last column displays the present discounted values
of the cost if L(t) = 0 for all t, which we label as “No Policy” in Table 2. In the three cases
we express the losses in percentage.
Importantly, any of the three cost measures in Table 2 can be converted into the equivalent
of one year’s GDP by dividing them by r, or multiplying them by 20 given our 5% annual
interest rate. For instance, dividing by r the flow measure of the cost due to the output
lost gives a simple statistic measuring the severity and length of the lockdown. For instance,
if this measure is 10%, then the lockdown is equivalent to lose 10% of a year’s GDP, or
equivalently to lockdown 10% of the population for a year.
The first three rows of Table 2 explore the different values of effectiveness of the lockdown.
For the benchmark case, second row in the top panel, following the optimal policy implies
a permanent loss of approximately 1.5% of output. In other words, as a consequence of
the outbreak of the virus, even following the optimal policy, welfare is comparable to an
equivalent measure of being 1.5% permanently poorer. We can also recapitalize this loss and
express it as fraction of one year’s GDP, obtaining 28%. From the 1.5% total permanent
loss, 0.4% is output loss due to the lockdown, or equivalent to 8% of one year’s GDP. For the
same parameters, if there is no lockdown (No Policy), the loss is equivalent to a permanent
decrease in output of 1.9%.
The second panel corresponds to the case of different values of a statistical life. Recall
that the benchmark case assumes a value of a statistical of life (vsl) of 20 annual GDP per
7

The part of the cost due to output is given by rw

R∞
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0

e−(r+ν)t [1 − τ + τ L(t)(S(t) + I(t))] dt.

capita. We also consider cases of 10, 30, and 80 annual GDP per capita. For a vsl of 30
annual GDP per capita, the part due to output loss is a permanent flow of 0.6% or equivalent
to 12% of one year’s GDP.
The third panel corresponds to the case where the case fatality rate φ(I) is constant at
ϕ = 0.01, or equivalently κ = 0. In this case, the optimal policy has no lockdown, so the
loses of the optimal policy and the case of no policy are the same, and also much smaller,
since the death rate does not spike up. This highlights the importance of the assumption
implied in our benchmark case that φ is increasing, which captures the extra fatalities due
to the congestion in the heath care system caused by a large number of infected.
The fourth panel corresponds to the case of no antibody test (τ = 0). For this case, we
present different values of a statistical life. Each row expresses vsl as a multiple of the annual
GDP per capita and otherwise the same parameters as in the benchmark case. Comparing
the benchmark case –i.e. the second row of the top panel– with the same case without test –
i.e. the second row of the last panel– we find the value of the test. In particular, the expected
discounted cost under the optimal policy is, expressed as a permanent flow, 0.1% (10 basis
points) higher without test than with test, i.e. 1.6% vs 1.5%, or in terms of a one time value
approximately 2% of a year’s GDP. For a smaller value of vsl, we find that the difference
is smaller than 0.1%. Instead, as vsl increases to multiples of annual GDP per capita of 30
and 80, the difference measuring the value of the test as a permanent flow of GDP loses is
0.20% and 0.80% respectively. For our preferred parameter values (i.e. vsl between 20 and
30 times annual GDP per capita), the value of the test is equivalent to between 2% and 4%
of one year’s GDP.
The last panel of the table contains two cases in which the outbreak is less serious, as
discussed above. In these two cases, the losses are considerably smaller.
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5

Extension: the Tracing-Testing-Quarantine policy

This section extends the basic model by endowing the planner with an additional policy
instrument: a tracing-testing-quarantine (TTQ) protocol. In this case, the planner will
choose two controls as a function of the state: the rate of tracing-testing-quarantining as well
as the lockdown rate. The goal is to understand whether this policy is complementary or
substitutable with the lockdown policy and to explore the parts of the state space in which
each policy used. As done above for the antibody test, the model allows us to quantify the
welfare gains delivered by this additional instrument. We first describe the set-up adding
TTQ, and then we show that in a special, yet interesting case, we can analyze the two
policies in a comparable two state planning problem. The two-state system has computational
advantages and, more importantly, it facilitates the interpretation and comparison with the
previous case when only the lockdown policy is used. We parameterize the cost of tracingtesting as a function of the number of infected agents that will be quarantined and in terms
of the composition of the pool of infected-recovered to which the testing-tracing applies. This
allows us to consider alternative degrees of effectiveness of the available technology, going
from the (ineffective) extreme in which it is equivalent to random testing to one in which the
cost does not depend on the prevalence of infected among the pool to be traced. We use to
examples to illustrate the use of TTQ vs Lockdown, as we vary the effectiveness of tracing.

Setup with Testing-Tracing-Quarantine (TTQ). To analyze TTQ we introduce, Q
the stock of infected that are in quarantine. Q is the stock of those that have been identified
(traced), tested as infected, and subsequently quarantined, and have not yet recovered or
died. Each period the planner decides to trace a flow of agents at a rate T , at a tracing and
testing cost c(T ; S, I, Q) per period. The remaining law of motions for the total number of
infected I and susceptible S are changed accordingly. The state is the triplet (S, I, Q) with
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a law of motion:

Ṡt = −βSt (It − Qt )(1 − θLt )2

(8)

I˙t = βSt (It − Qt )(1 − θLt )2 − γIt

(9)

Q̇t = Tt − γQt

(10)

Those quarantined do not contribute to the transmission of the virus, hence the term (It −Qt )
in the law of motion for S and I. Tracing and testing a flow Tt of agents adds to the stock
of those in quarantine. Those in quarantine recover at the same speed as those infected.
The remaining notation, such as the “epi” parameters β, γ, the lockdown control Lt , and the
parameter on effectiveness of lockdown θ are as in our baseline model.
The function c(T ; S, I, Q) gives the cost of tracing-testing T agents, which are put in
quarantine when the state is (S, I, Q). This cost does not include the forgone output of
the quarantine. We allow the cost function c to depend the flow of those traced-testedquarantined, T , as well as on the composition of the state (S, I, Q). We assume that the
function c(T ; S, I, Q) is increasing and convex in T , for fixed (S, I, Q), and that c(0; S, I, Q) =
0. Below, we elaborate more on the parameterization and interpretation of the cost function
c and the presence of the state (S, I, Q) on it.
Given a state (S0 , I0 , Q0 ) the planner minimizes:
Z
V(S0 , I0 , Q0 ) = min

{Lt ,Tt }

∞

n
h
i
e−(r+ν)t wLt τ (St + It − Qt ) + (1 − τ )(1 − Qt )

0

o
+ wQt + c(Tt ; Si , It , Qt ) + vsl φ(It )It dt

(11)

subject to the laws of motion equation (8), equation (9) and equation (10) above for each
t ≥ 0. Note that those in quarantine do not work, so that there is the extra cost wQt in
the period return function. Note also that the lockdown Lt applies to the remaining agents,
which itself depends on whether there is an antibody test or not –in our notation whether the
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parameter τ = 1 if there a test, or τ = 0 otherwise. The parameter w, the value of statistical
life vsl, the fatality rate function φ, and the total discount rate r + ν are as in our baseline
case.
Two comments about the boundaries of the state space. First, if Qt = It , i.e X0 = 0,
then Ṡt = 0 and I˙t − Q̇t = −Tt . In this case, it will be optimal to set Lt = 0 and Tt = 0,
and hence Ir − Qr = It − Qt , and Sr = St for all the future r ≥ t. Second, note that with
a positive but finite value of Tr = T̂ > 0 applied for a long enough time, then X(t) = 0 in
finite time t < ∞.

State Space Reduction. In this subsection, we describe the special case in which we can
write the problem in equation (11) as a two dimensional state problem. We also describe the
parameterization of the cost c(·) of tracing and testing.
To reduce the state space define X as the stock of those infected, not in quarantine:

X =I −Q

(12)

so that Ẋt = I˙t − Q̇t , thus we can write:
Ṡt = −βSt Xt (1 − θL)2

(13)

Ẋt = βSt Xt (1 − θL)2 − Tt − γXt

(14)

The initial conditions of interest are X(0) = I(0) and S(0) = 1 − X(0), since there is
quarantine, and note that S + X ≤ 1.
To eliminate {Qt } from the state, we rewrite the objective function. The expected discounted cost of output forgone for those in quarantine, denoted by C({Q}), can be written,
using integration by parts and the law of motion of Q, as follows:
Z
C({Q}) ≡

∞

e
0

−(r+ν)t

Q0
+
Qt dt =
r+ν+γ
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Z
0

∞

e−(r+ν)t
Tt dt
r+ν+γ

which is equivalent to “booking” the expected discounted cost every time someone is traced
and put in quarantine. The advantage of this formulation is that we can keep track of the
forgone cost of output due to the quarantine using the contemporaneous control Tt .
The introduction of X as a state variable, and the use of the current control T to represent
C({Q}) allow us to eliminate one state variable in the law of motion of the state. However,
this is not yet enough to write the problem as a two-state variable problem, since the return
function still requires to have (S, X, Q) or alternatively the original (S, I, Q). To see this
note that the period cost is given by:
h
i
wL τ (S + X) + (1 − τ )(1 − Q) +

wT
+ c(T ; S, I, Q) + vsl φ(X + Q) (X + Q)
r+ν+γ

We will add two assumptions, which will allow to eliminate Q as part of the state, which we
discuss in three steps:
1. The first term in the flow cost contains the forgone output cost of lockdown if there is
no test, i.e. the term wL(1 − Q) if τ = 0. This term can be dispensed of by focusing
on the case with an antibody test, i.e. the case with τ = 1. We will assume this from
now on.
2. The second term where we have a Q is the specification of the tracing-testing cost c(·).
We discuss the proposed formulation, and how it dispensed from the use of Q. The cost
of finding a number of people T that are infected and aren’t currently in quarantine,
i.e. a member of the population X, should depend on the size of X in the population
that is being trace-tested. If we assume that τ = 1, that population is of size S + X.
In one extreme, if testing is random, the number of people that have to be tested to
identify T is T (S + X)/X. Simply put, it is harder to find someone infected if there
are very few infected in the population and we search at random. If, instead, there is a
smart tracing technology, the cost can scale at a lower rate relative to the composition
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of the pool. This motivates the following functional form:

c(T, S, X) = η T

S+X
X

1−ζ !
(15)

where η is a weakly increasing, positive, and convex function, and where ζ ∈ [0, 1]
indexes how smart the tracing is. If ζ = 0 then there is no tracing, and it is just
random sampling. If ζ = 1 then tracing is very powerful, the fraction in the population
is immaterial, and the cost depends only on the number to be traced. Summarizing,
the cost function η(z) depends on the number of “tasks” that have to be carried out to
identify T infected, and we parameterize the number of tasks as z = T ((S + X)/X)1−ζ ,
where each “task” is a combination of tracing and testing.
3. The third term where Q shows up is the number of deaths per unit of time φ(X +
Q) (X + Q) = φ(I) I, which depends on the total number of infected I = Q + X,
regardless of whether they are in quarantine or not. This can be dispensed with if we
consider the case in which the fatality rate function φ(·) is constant, i.e. κ = 0, so that
φ(X + Q) = ϕγX + ϕγQ, where ϕ and γ are constant parameters.
Combining these assumptions, i.e. τ = 1 and κ = 0, and again using integration by parts
R∞
and the law of motion of Q to rewrite vsl ϕγ 0 e−(r+ν)t Qt dt, we obtain the following per
period flow cost:
w + vsl ϕγ
wL (S + X) + T
+η T
r+ν+γ



S+X
X

1−ζ !
+ vsl ϕγX

Two-state-problem. If we consider the case of τ = 1, i.e. the presence of an antibody
test, so the first term involving Q drops out of the period cost, and κ = 0, so that Q drops
out of the term involving the fatalities per unit of time, we can formulate the problem with
only two state variables, and with two controls: L and T .
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1−ζ !
h
i
S+X
w + vsl ϕγ
+η T
+ vsl ϕγX
(r + ν)v(S, X) =
min
wL S + X + T
r+ν+γ
X
L∈[0,L̄],T ∈[0,T̄ ]


+ β S X (1 − θL)2 [∂X v(S, X) − ∂S v(S, X)]
− [γX + T ] ∂X v(S, X)

(16)

In the formulation in equation (16), we have also imposed a maximum flow of tracingtesting capacity per period of T̄ . We summarize the previous argument in the next proposition:
Proposition 1.

Assume that there is an antibody test, so τ = 1, and that the fatality

rate function φ(I) = ϕ γ is constant, i.e. κ = 0. Let (S, I, Q) be the initial conditions for
the original three state variable problem defined in equation (11), with a minimized value
V(S, I, Q) and associated optimal policies L(S, I, Q), T (S, I, Q). Let (S, X) be the initial
conditions for the modified two state variable defined in equation (16), with a minimized
value v(S, X) and associated optimal policy L(S, X), T (S, X). Then, for all (S, I, Q) ∈ R3+
with S + I + Q ≤ 1, and I ≥ Q, we have:

V(S, I, Q) = v(S, I − Q) + Q

w + vsl ϕγ
r+γ+ν

L(S, I, Q) = L(S, I − Q) and T (S, I, Q) = T (S, I − Q)

(17)
(18)

We note that the minimization problem in the right hand side of equation (16) is a convex
problem in T . Instead, the minimization problem with respect to L, as in the problem without
TTQ, is convex at the point where ∂X v(S, X) ≥ ∂S v(S, X).8 It is instructive to compare
the first order conditions for the two optimal policies. To simplify the exposition here, we
8

In our computations we found this condition to hold in all the state space.
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will assume that they hold at an interior solution. Furthermore, we will use a quadratic cost
η(z) = z 2 α/2. In this case the optimal L and T satisfy:
#
"
1
w

L=
1−
X
θ
[∂X v(S, X) − ∂S v(S, X)]
θβ S S+X

2(1−ζ) 

1
X
w + vsl ϕγ
T =
∂X v(S, X) −
α S+X
r+ν+γ

(19)
(20)

Both policies are aimed at reducing the stock infected X, so they depend on ∂X v(S, X). For
ζ ≤ 1/2, so that the tracing-testing is not substantially better than randomly sampling the
population, the expressions for the optimal L and T depend on a similar way on ∂X v(S, X)
as well as on the ratio X/(S + X), especially so for small values of X and larges values of
S. This suggest that the two policies are complementary when ζ is low. Instead, with ζ = 1,
these expressions suggest that tracing will be used for low X and high S, but lockdown will
not be used for those levels.

Numerical Examples. We display the heat map of policies L and T and the value function
for the same parameter values used in Table 1, setting τ = 1 and κ = 0 as required by our
previous proposition. We set the upper bound on tracing-testing flow to T̄ = 1, i.e. testing
at a speed such that the entire population will be tested in a year, and we set the testingtracing cost to be quadratic, i.e. η(z) = z 2 α/2, with α = 0.02. With this specification, if
z = T ((S + X)/X)1−ζ = 1, the cost will be α/2 = 0.01. We consider the two extreme values
of the effectiveness of tracing ζ ∈ {0, 1}. For instance, if ζ = 1, then z = 1 means that with
“perfect” tracing it takes one task to test-track one infected agent. Instead, with ζ = 0,
tracing one infected agent requires running ((S + X)/X) tasks.
Figure 3 shows the optimal policy and value function obtained from the baseline parameterization under two alternative assumptions about the efficiency of tracing. The upper
panel assumes random tracing (ζ = 0), i.e. to find infected individuals the population has
to be tested at random. This makes testing very expensive, especially when there is a small
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number of infected, as shown by equation (15) which diverges as X → 0. As a result, the
policy makes no use of testing, nor of the lockdown. This is illustrated by the red path
highlighted in the phase diagram of the upper panel of the figure. Recall that, as explained
above, the model assumes a constant fatality rate (κ = 0), so that lockdown was not chosen
even in the absence of the TTQ policy. Therefore, the overall welfare cost of this economy
is the same one that was recorded in the absence of the TTQ policy following an outbreak
with a 1% of infected agents. This cost is about 0.9% of annual GDP (see the third panel of
Table 2).
Instead, when tracing is perfectly efficient (ζ = 1), the policy changes substantially, as
can be seen from the lower panel of the figure. Tracing, testing and quarantine even a tiny
fraction of the population becomes substantially cheaper now, since they can be immediately
identified as opposed to be searched at random. Since those agents can be easily discovered,
it is optimal for the policy maker to trace them an quarantine them. The resulting plan,
following an outbreak with a 1% of infected agents, yields a cost that is about 0.2 of annual
GDP, a value that is about 4 times smaller than the cost of the benchmark case without the
TTQ policy (the optimal path is hardly visible in Figure 3 and can be barely seen zooming
in, as shown in Figure 4, as the optimal policy squashes the fraction of infected to zero very
rapidly).
Finally, we have tried larger values of a statistical life, such as vsl equal to 40 or 80
times the annual GDP, and ζ ∈ {0, 1}. In these cases, we have found that in a larger and
substantively overlapping region of the state space both policies are used. The subset of
the state space differs depending on the values of vsl and ζ, but the fact that they overlap
confirms the complementarity that is apparent from our analysis of the first order conditions
in equation (19) and equation (20).
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6

Dynamic Complementarities of Lockdown

This section extends the basic model by considering that one consequence of the lockdown
is to allow the planner to “freeze the state” while setting up better technologies to deal
with the epidemic in the near future.9 Such technologies, unavailable at the time of the
outbreak, include among others antibody tests, more the ICU capacity, test-tracing apps and
eventually a vaccine. The expectation of improved instruments to deal with the epidemic
creates a dynamic complementarity: the incentives for lockdown are strengthened because,
by delaying the diffusion, the planner will face the problem with better means and thus incur
smaller losses. Indeed, we find that the delayed optimal lockdown that was found in the
analysis of Section 4, as illustrated e.g. in Figure 1 where the lockdown is prescribed about
20 days after the outbreak, may transform into a policy of immediate and full-lockdown by
such dynamic complementarities.
In particular, in this section we solve the same optimal control problem described in
Section 2 but assume a deterministic timeline for the set of policy instruments available to
the planner. To keep this simple, we assume that at the time of the outbreak (conventionally
t = 0) the only tool available to the planner is a generalized lockdown, i.e. one with τ = 0.
Thus, realistically, we assume that at the time of the outbreak there is no antibody test
nor any other technology (TTQ, vaccine) available. We then assume that at a future date
t = T > 0 the planner’s toolkit is enriched by a a new technology. Technically, this means
that when computing the present value of a policy at any t ∈ (0, T ) the planner’s takes into
account that the future costs of the infection will be different, and in particular that they
will be easier to manage since the new technology improves the feasible policy for any t ≥ T .
Different scenarios can be analyzed that differ in terms of what technologies become
available at date T . For concreteness we focus here on a scenario where both the antibody
test (τ = 1) and the Test-Tracing-Quarantine protocol analyzed in Section 5 become available
9

We thank Andy Atkeson who suggested us to work on this question.
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for t ≥ T .10 Since we already computed the value functions for each of these technologies, the
problem is easily solved by backward induction: for any given point of the state space at T we
know the value function associated to the available technology. This naturally represent the
value of the continuation. All we have to do to solve this new problem is to iterate backwards,
from t = T to t = 0 and compute the value function during the transition where only the
basic lockdown technology (τ = 0) is available. Our interest is to compare the solution of
the problem with T < ∞ with the one with the new technology is never available, for the
same initial conditions, i.e the same (Q0 , X0 , S0 ). The difference in the path of the lockdown
policy for t ∈ [0, T ) is informative about the dynamic complementarity of lockdown with
other policies-technologies.
We used the parameters of the benchmark calibration from Section 5 (vsl = 20, κ = 0)
and the same initial condition of an outbreak starting with a 1% of infected. Moreover, we
assume that, starting in 60 days from the outbreak (T = 60 days), the policy maker will
have access to antibody testing and to a smart tracing technology (ζ = 1). Recall that, in
the baseline case where there is no anticipation of future policy improvements, the optimal
policy for this case involves no lockdown at all due to the lack of congestion effects (κ = 0;
see Table 2 and the upper panel of Figure 3). Instead, in this new setting the anticipation
of the expected policy improvements leads the policy maker to immediately jump into a
full lockdown as soon as the outbreak occurs, and to keep it until t = T . The strength
of this dynamic complementarity is weaker if the time until the innovation arrival is longer
(higher T ) or if the vsl is smaller. For instance, if we postpone the arrival to T = 90 days
and maintain vsl = 20 annual GDP/capita, we go back to the baseline case of no lockdown.
However, keeping T = 90 and using the vsl = 40 annual GDP/capita, restores the optimality
of an immediate full lockdown. Thus, lockdown are dynamically complementary to the arrival
of testing-tracing-quarantine. This is intuitive, since smart tracing is best used when there
10

This can be easily extended to other cases. For instance, we have also analyzed the case with congestion
effects (i.e. κ > 0) where for t ≥ T the antibody testing becomes available (but not the TTQ), so that
τ (t) = 1 from t ≥ T . In this case, using the parameters of the benchmark calibration, the optimal lockdown
policy starts a few days earlier.
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are few infected.

7

Future work

There are several extensions of interest. Our benchmark analysis with linear costs to social
activity implies a gradual lockdown. Allowing for non-linear output costs will affect the
implementation of the lockdown and shorten its duration, possibly giving rise to periodic
lockdowns. We also overlooked the fact that a long lockdown could have “scarring” effects
on the economy that could delay its restart (e.g. it could trigger a cascade of bankruptcies,
with long unemployment spells affecting the workers’ skills). Second, the quadratic search
effects we assumed are a natural starting point under the SIR framework. Alternative matching technologies delivering different speed of transmission seem worth exploring. It would
also be interesting to explore the optimal lockdown policy in a setup where social distancing is endogenous, since behavioral changes often taken place before governments enact the
lockdown. Third, the considerable uncertainty surrounding key parameters of the SIR model
suggests that a robust control approach is valuable. Lastly, it might be interesting to bring
geographic elements and population migration into the picture. We believe all these are
important topics for future research that can be analyzed within our setup.
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Figures and Tables

Table 1:

Parameter Values for Benchmark Case

Parameter

Value

Definition/Reason

β

0.20 × 365

Annual increase of active cases if unchecked

γ

1/18 × 365

Annual rate of infected recovery (includes those that die)

ϕ

0.01

Case fatality rate of 1%

κ

0.05

Implies a 3 percent case fatality rate with 40 percent infected

r

0.05

Annual interest rate 5 percent

ν

0.667

Prob. rate vaccine + cure (exp. duration 1.5 years)

L̄

0.70

1 - GPD share health, retail, government, utilities, and food mfg.

θ

0.50

Effectiveness of lockdown

vsl

20

Value of Statistical Life 20 × w (i.e. vsl ≈ $1.3M)
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Figure 1: Time paths under baseline parameters
Panel A – Case w / testing (τ = 1)
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Panel B – Case w/o testing (τ = 0)
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Figure Note: This figure uses the benchmark parameter values of Table 1. Panel A considers the case where
a test is available. Panel B considers the case where the test is not available. The red lines describe the
uncontrolled system, where no Lockdown is exercised. The blue lines correspond to the optimal control case.
The initial condition is I(0) = 0.01 and S(0) = 0.97.
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Figure 2: Value Function and Optimal Policy, benchmark case

Note: The figure on the left shows the optimal policy for the benchmark parameter values. The blue area
indicates lower values of lockdown and the yellow color higher values. The figure on the left depicts the value
function. The units for the value function are permanent flow cost as a fraction of the total output before
the epidemic.
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Table 2: Welfare Losses

rV (S,I)
w

Case



with Optimal Policy vs. without Intervention

Parameters

Optimal Policy
Welfare Loss

No Policy

Output Loss Welfare Loss

Benchmark Case
Low effectiveness

θ=0.3

1.7 %

0.3 %

1.9%

Medium effectiveness

θ=0.5

1.5 %

0.4 %

1.9%

High effectiveness

θ =0.7

1.4 %

0.4 %

1.9 %

Alternative Values of Statistical Life
vsl = 10× GDP per capita

0.9 %

0.2 %

0.9 %

vsl = 30× GDP per capita

2.0 %

0.6 %

2.8 %

vsl = 80× GDP per capita

3.7 %

1.4 %

7.5 %

Constant fatality rate

κ=0

Low effectiveness

θ=0.3

0.9 %

0.0 %

0.9 %

Medium effectiveness

θ=0.5

0.9 %

0.0 %

0.9 %

High effectiveness

θ=0.7

0.9 %

0.0 %

0.9 %

No testing of the recovered τ = 0
vsl = 10× GDP per capita

0.9 %

0.1 %

0.9 %

vsl = 20× GDP per capita

1.6 %

0.4 %

1.9 %

vsl = 30× GDP per capita

2.2 %

0.6 %

2.8 %

vsl = 80× GDP per capita

4.5 %

2.5 %

7.5 %

Less pessimistic parameter values
Lower speed of spread of the virus
Lower fatality rate

β = 0.1

0.8 %

0.1 %

0.8 %

ϕ = 0.005

1.1 %

0.4 %

1.5 %

Note: Welfare losses are measured by the permanent percent reduction in per capita GDP induced by the
policy (or its absence) under various parameterizations. Output losses is the welfare cost component due to
the reduced level of economic activity (i.e. excluding fatalities). The benchmark parameter values are from
Table 1. Multiplying any of the numbers in the last three columns by 1/r = 20, converts the losses from
permanent flow to a one time payment as a fraction of a year GDP. The initial condition for all scenarios is
I(0) = 0.01 and S(0) = 0.97.
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Figure 3: Value Function and Optimal Policy with Testing-Tracing-Quarantine
Random tracing

Perfect tracing

Note: The figure uses the benchmark parameter values. The upper panel assumes random tracing, namely
ζ = 0. The lower panel assumes perfect tracing, namely ζ = 1
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Figure 4: Value Function and Optimal Policy with Testing-Tracing-Quarantine
– Zoom on details

Note: The figure uses the benchmark parameter values and assumes perfect tracing, namely ζ = 1.
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