Minimum Wages and Welfare∗
David Berger

Kyle Herkenhoff

Simon Mongey

July 20, 2021

First version: July 18, 2021
P RELIMINARY
Abstract
What is the optimal minimum wage? We provide a novel characterization of oligopsonistic labor markets under
minimum wages with worker and firm heterogeneity. We then characterize how a macroeconomy with many such
markets aggregates to yield two ‘wedges’ implied by minimum wages. The first is an aggregate shadow markdown,
that narrows with minimum wage hikes, then tightens as many firms ration employment. The second reflects
misallocation, which improves for small values of the minimum wage but steeply worsens at higher values. In our
quantitative model, which features worker heterogeneity and replicates recent empirical papers in the minimum
wage literature, these effects yield a hump-shaped profile of welfare with respect to the minimum wage. Under
utilitarian welfare weights the optimal minimum wage is (i) between $13.50 and $16.00 an hour, depending on
preference parameters, (ii) associated with small welfare gains equivalent to a 1 to 3 percent increase in aggregate productivity, (iii) redistributive: non-college workers gain and college workers lose. Under welfare weights
that coincide with the Pareto weights inferred from the distribution of consumption in the U.S. economy—which
places higher weights on higher income workers—the optimal minimum wage is instead $7.36, close to the current
Federal level. In the short-run, with capital fixed, the optimal minimum wage is $2 less, at $12.30. If non-college
workers could choose their optimal minimum wage it would only be slightly higher at $15.71.
JEL codes: E2, J2, J42
Keywords: Labor markets, Market structure, Oligopsony, Minimum wages, Inequality.
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Figure 1: Minimum wages in the US, 1960-2020
Notes: Panel A. Federal and State minimum wages obtained from the U.S. Department of Labor. Panel B. Real wages computed by deflating
by the CPI-U. Panel C. CPS data constructed using combined MORG and March survey from 2019, and weighted using hwtfinl. Wages are
computed as weekly earnings (earnweek) divided by usual weekly hours worked (uhrsworkt). We follow the Federal Reserve Bank of Atlanta
Wage Growth Tracker, and remove individuals whose hourly pay is below the current federal minimum wage for tip-based workers ($2.13).
We drop individuals who are coded as hours vary (uhrsworkt=997). We keep all other workers aged between 16 and 65.
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Introduction

In the face of growing income inequality, there has been renewed interest in raising the minimum wage. The
current US Federal minimum wage of $7.25 per hour (Figure 1A) has been relatively flat in real terms since the
1980s and fallen almost 40 percent since the late 1960s (Figure 1B). Since its last increase in 2010, nominal wage
growth has reduced the fraction of non-salaried workers paid the Federal minimum wage from 4.9 to 1.9 percent.1
Against this backdrop, the 2019 Raise the Wage Act proposed raising the Federal minimum wage to $15 an hour.
In real terms, 25 percent more than its late 1960’s peak, and if enacted would be more than current wages for 41
percent of workers without a college education, 11 percent of college educated workers and 29 percent of workers
overall (Figure 1C).2 . Opponents argue an increase of this magnitude would dramatically reduce employment
opportunities for the workers the policy is supposed to help.
In this paper, we use a tractable oligopsony model of the labor market with heterogeneous workers and firms
that is quantitatively consistent with the empirical minimum wage literature to answer three questions: what is
the optimal minimum wage?, how large are the potential welfare gains?, and how are those welfare gains distributed?. Our
framework captures relevant trade-offs necessary to evaluate a higher minimum wage. The presence of monopsony power means that a higher minimum wage can raise wages with little disemployment effects. The presence
of oligopsony power allows for strategic responses: even firms for whom the minimum wage is not binding may
increase wages because their competitors’ wages increase (Derenoncourt, Noelke, and Weil, 2021). These create the
possibility that a higher minimum wage may be welfare improving. However, when the minimum wage becomes
higher than the perfectly competitive wage, employment falls. Moreover, as the wage distribution across firms
compresses, some workers will choose to reallocate from high paying, more productive firms to newly higher paying but less productive competitors leading to misallocation. The same forces that generate welfare gains create
welfare losses beyond a certain point.
1 See BLS Reports - Characteristics of Minimum Wage Workers, 2019: https://www.bls.gov/opub/reports/minimum-wage/2019/home.htm.
See BLS Reports - Characteristics of Minimum Wage Workers, 2009: https://www.bls.gov/cps/minwage2009.htm.
2 Raise the Wage Act (S. 53) was introduced to the Senate on January 26, 2021, after being introduced as H.R. 582 in the House of Representatives in March 2019. The Congressional Budget Office reports on both bills can be found here for S. 53 and H.R. 582.
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We have two main results. First, from the perspective of a utilitarian planner, the optimal Federal minimum
wage is $14.41 per hour, which translates to a consumption equivalent effect on aggregate welfare of 0.85 percent.
Raising aggregate productivity by 1.17 percent in our baseline economy delivers the same magnitude welfare
gain. The welfare gains from a minimum wage do not constitute a Pareto improvement, and, instead reflect large
welfare gains to non-college workers that more than off-set the welfare losses to college workers. Higher minimum
wages increase employment and wages of non-college workers, due to an erosion of labor market power of firms,
reducing their profits. On the other hand, since college households own the larger share of capital and profits in the
economy, their welfare falls, and since they already earn higher wages, do not see the benefits of a higher minimum
wage. We find that non-college households gain around 3 percent in consumption equivalent terms from a $14.41
minimum wage, and college households lose around 3 percent. The fact that non-college households are in a
two-thirds to one-third majority delivers the aggregate gain of about 1 percent.
Second, under welfare weights consistent with the Pareto weights that deliver the allocation of consumption
observed in the U.S. economy, the optimal minimum wage is $7.39, close to the current Federal minimum. Under
this minimum wage, aggregate welfare gains are around one tenth as large, welfare gains to non-college workers
are a quarter as large, and welfare losses to college workers are reduced by a greater degree. Thus, our results
are consistent with a recent literature that documents that endowments in the U.S. economy imply consumption
allocations in a competitive equilibrium that are consistent with a planner with high weights on high income
households, and utilitarian policy would redistribute resources. In an economy with labor market power a minimum wage is one such policy for redistribution.
Framework.

Our framework has five key elements that position it well for this exercise. First, firm heterogeneity

in productivity captures reallocation effects. Second, worker heterogeneity in productivity captures distributional
effects on labor income. Third, strategic interactions of firms in concentrated labor markets, with a well-defined and
endogenous notion of labor market power of firms, captures monopsony effects. Fourth, a continuum of local labor
markets aggregated into a macroeconomy, accommodates general equilibrium aggregate effects and heterogeneity
in wealth captures general equilibrium distributional effects on capital and profit income. Fifth, decreasing returns
to scale production functions capture disemployment effects. Our calibrated model replicates the distribution of
markets in terms of the number of firms in each market, average firm employment and payroll, relative wages
across worker types and the distribution of consumption, average market concentration, the labor share, and
the observed relationship between labor market share and wage and employment responses to shocks (Berger,
Herkenhoff, and Mongey, 2021).
Contributions. Within this framework we make five contributions. First, as a theoretical contribution, we provide a new and simple shadow-wage characterization of market (Nash) and general equilibrium in markets with
N < ∞ firms and price controls, here a minimum wage. Second, as a positive contribution, we show that once
calibrated, the model successfully replicates key empirical papers in the minimum wage literature, and in doing
so sheds light on the theoretical forces underlying these empirical results. Third, as a normative contribution, we
use the model to measure the optimal minimum wage. Fourth, we use our theoretical characterization of the partial, market and general equilibrium effects of minimum wages to decompose the welfare effects into competing
forces. Fifth, we characterize and quantify how short- and long-run optimal minimum wages differ based on a
short-run putty-clay version in the spirit of Sorkin (2015) and Aaronson, French, Sorkin, and To (2018), extended
to oligopsony.
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Theory. Theoretically, we make partial and general equilibrium contributions to the study of minimum wages.
In market equilibrium (which takes aggregates as given and is thus partial equilibrium), we provide a novel characterization of a Nash equilibrium among firms facing price controls. This has been studied in stylized cases with
symmetric oligopolistic firms facing a price ceiling. Our new characterization handles firms that are heterogeneous
in their productivity. We show that the equilibrium can be stated in terms of shadow wages which are shadow markdowns relative to marginal revenue products of labor. These shadow wages reflect labor rationing and therefore
govern equilibrium household labor supply: shadow wages are lower at firms that would otherwise experience
‘excess labor supply’. In general equilibrium, we provide a characterization of how these objects aggregate to
e, reflects an economically
deliver two aggregate wedges due to the minimum wage. The first, which we denote µ
meaningful measure of an aggregate shadow wage markdown, first narrows as minimum wages increase, improving welfare, and then widens, encoding the entire distribution of binding rationing constraints, reducing welfare.
The second, which we denote ω, reflects misallocation of factors, which improves for small values of the minimum
wage and then dramatically worsens at higher values, decreasing welfare. In our calibrated model, these forces
yield a hump-shaped profile of welfare with respect to the minimum wage.
Validation.

Before assessing the optimal minimum wage we show that, quantitatively, when calibrated to U.S.

data, our framework replicates two significant recent papers in the empirical minimum wage literature: (i) Dustmann, Lindner, Schoenberg, Umkehrer, and vom Berge (2021), and (ii) Derenoncourt, Noelke, and Weil (2021).
First, we consider an increase in the minimum wage consistent with the German case studied in Dustmann et al
(2021). As in the German experiment, we are able to compute exposure of our economy to the minimum wage
through the minimum wage gap: the percentage increase in wage payments needed to cover the minimum wage
at current hours. We show that the elasticity of average firm size, firm exit, wages, employment and measures of
revenue-per-worker to the minimum wage gap are quantitatively consistent with their key findings on the reallocation effects of minimum wages: firms get bigger, small firms exit and average revenue-per-worker increases.
The model therefore replicates the reallocative effects of minimum wages found in the literature. Second, we engineer a 20 percent increase in wages of a market leader, which is the same magnitude of Amazon’s voluntary
minimum wage hike studied in Derenoncourt, Noelke, and Weil (2021). We show that competitors in the labor
market increase their wages by around 4 percent, consistent with their estimates. The model therefore replicates
the strategic responses of firms to competitors’ wages found in the literature. We show that these elasticities are key
to understanding the negative misallocation effects of minimum wages.
Measurement.

e and ω
e
Our general equilibrium theory decomposes the effect of minimum wages into wedges µ

that we can now measure in the quantitative model. We show that these have strong offsetting effects. A higher
minimum wage cuts into the markdowns of low wage firms. The response of larger firms is ambiguous. If low
wage firms get pushed out of the market by the minimum wage, then larger firms’ market power increases allowing them to cut their wages. However, if medium wage firms increase wages as the lowest wage firms are getting
pushed out of the market, then large firms’ market power declines, leading them to increase their wages. We find
spillover effects are significant, such that the latter dominates, with unconstrained firms’ markdowns narrowing
by about half as much as the aggregate markdown for minimum wages beyond $20 per hour. However this comes
at a cost of worsening misallocation. This process reallocates employment away from the most productive firms
and to medium productivity firms since, consistent with the evidence, (unconstrained) firms raise their wages
less than one-for-one in response to competing (constrained) firms’ wages. At low levels of the minimum wage
misallocation actually improves, marginally, as shrinking the lowest productivity firms is a boon for the econ3

omy. As the minimum wage increases, however, this reverses, and the shift of employment from high to medium
productivity firms reduces aggregate output.
Bounds.

The effect of these wedges on welfare and the optimal minimum wage depend on preferences in an

intuitive way. Under a high Frisch elasticity of labor supply, the narrowing of markdowns has a larger positive
effect on labor supply, increasing the optimal minimum wage. If our economy had one type of household, then
more curvature in the marginal utility of consumption would lower the optimal minimum wage: misallocation
losses reduce output which leads to larger utility losses with more curvature in utility. With heterogeneous households, utilitarian welfare weights effectively twist aggregate welfare in the direction of low consumption per capita
households, with a degree that increases with the curvature in utility. Since non-college households have both (i)
lower consumption per capita, and (ii) larger consumption equivalent welfare gains from the positive shadow
markdown effects of minimum wages, then more curvature in utility pushes up the utilitarian optimal minimum
wage. Within reasonable bounds on preference parameters we find optimal minimum wages between $13.50 and
$15.50 per hour, with welfare gains between 0.6 and 3.0 percent under the utilitarian welfare criteria. Compared to
the 14.8 percent consumption equivalent welfare gains from the efficient allocation, we view these gains from the
optimal minimum wage as relatively small.
Robustness.

We compute the optimal minimum wage in several alternative economies that feature (1) hand-

to-mouth non-college workers, (2) equal wealth shares of college and non-college workers, and (3) a putty-clay
model in which worker-type allocations of capital within each firm are fixed at their initial level, to capture ‘short
run’ dynamics. The baseline economy is very similar to an economy with hand-to-mouth non-college workers,
and thus the optimal minimum wage increases very little. With equal wealth shares, the non-college workers now
suffer when the minimum wage cuts into profits. We find an optimal minimum wage of roughly $7.82 in this
case. In the putty-clay short-run model, we expand the model to accommodate exit: some firms exit the market
due to overhead costs of fixed capital. Moreover, the maximum attainable employment at each firm declines.
We characterize the intuition: when capital for each type of worker is fixed, decreasing returns are exacerbated,
reducing the maximal level of employment the firm is will to absorb under a minimum wage. The positive effects
of the minimum wage are therefore dampened as the narrowing of the aggregate shadow markdown is capped.
In this case the optimal minimum wage is only roughly $2.00 less than the baseline case of $14.41, suggesting the
implementation of optimal policy may be staggered.
Literature That monopsony can rationalize small, and positive, employment responses to minimum wages is in
part responsible for the theory’s historical development (Card and Krueger, 1994; Boal and Ransom, 1997; Manning, 2003). A minimum wage may force some firms paying below their marginal revenue products to compress
their markdowns, increase wages, and at the same time expand employment along their labor supply curves. Our
model shares this prediction, but due to decreasing returns to scale within the firm and strategic complementarities
between firms, the mechanics are more complex. We provide a new theoretical characterization of how minimum
wages affect firm-level and worker-level behavior in an environment with decreasing returns to scale and strategic
complementarities. Workers reallocate away from unproductive firms as the minimum wage increases. Even with
a single worker type, efficacy of the minimum wage trades off reallocating workers away from small, unproductive
firms, against the additional market power this delivers to larger firms. These opposing forces lead welfare to be
hump-shaped in the minimum wage, despite monotonically increasing concentration and labor share of income.
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An increasingly rich empirical literature documents the effects of minimum wages across the distribution of
workers and firms. Cengiz, Dube, Lindner, and Zipperer (2019) describe the effect of minimum wages for workers
in low- and high- wage jobs. Dube, Lester, and Reich (2010) focus on low wage jobs using discontinuities induced
by state minimum wage changes. In our context jobs can be low wage due to being at low productivity firms,
at high productivity firms with a lot of market power, or being jobs for low skill workers. Dustmann, Lindner,
Schoenberg, Umkehrer, and vom Berge (2021) describes the effect of a large minimum wage change in Germany
on the allocation of employment across firms, making use of high quality hours data, the lack of which inhibits
studying the empirical effects of a minimum wage at the worker and firm level in countries such as the US. We
replicate this experiment and compare our results to theirs. Harasztosi and Lindner (2019) document strong laborcapital substitution effects of the minimum wage. In our baseline model, capital is flexible with a unit elasticity
of substitution with labor. In future versions of the paper we will consider richer substitution patterns calibrated
to the evidence in Harasztosi and Lindner (2019). We nonetheless differentiate between short-run (fixed capital)
and long-run (flexible capital) responses. Derenoncourt, Noelke, and Weil (2021) documents that competing firms
respond to large firms’ voluntary wage changes. We also replicate this experiment.
Whether minimum wages have positive or negative welfare effects is a contentious topic. On the one hand,
a lengthy review by Neumark and Wascher (2006) concludes that the balance of the empirical literature demonstrates negative employment effects. On the other hand, a summary by Allegretto, Dube, Reich, and Zipperer
(2017) concludes that employment effects are small. Our model provides a tent for all parties, by demonstrating
circumstances under which negative reallocation effects offset positive markdown effects in general equilibrium.
Moreover, we show how the marginal effect of a minimum wage increase depends on the current minimum wage.
Recently, Deb, Eeckhout, Patell, and Warren (2020) extends Berger, Herkenhoff, and Mongey (2021) to study the
interaction between labor market power and inequality between skill types, but do not study minimum wages.
In their model, built for positive analysis, both skill types live in the same household, share the same budget
constraint and consumption is joint. This removes the role of exposure to profits and wealth effects on labor supply
from the analysis. In our model, built for normative analysis, these factors are important for understanding the
welfare effects of policies that interact with labor market power. Huneeus, Kroft, and Lim (2021) study a minimum
wage policy in an environment where workers are all similarly exposed to profits, like in Deb et al (2020). In
their environment firms are monopsonistic and so do not directly respond when the minimum wage binds at
competitors. They do consider a rich input-output structure which we abstract from in our analysis. We show
that spillover wage increases at unconstrained firms due to strategic interaction are key to quantifying empirical
evidence (Derenoncourt, Noelke, and Weil (2021)). However, the fact that these responses are significantly less
than one-for-one is exactly what gives rise to misallocation: productive unconstrained firms respond less than
one-for-one so employment is reallocated to less productive competitors. Since they are the largest employers, this
reallocation has large welfare consequences.
Our paper takes a neoclassical view of the labor market, while the minimum wage has often been studied
in frictional settings. Flinn (2010) documents the economic forces that shape the optimal minimum wage in a
frictional setting, and Flinn and Mullins (2019) study the choice of firms’ optimal wage setting strategy in this
environment, finding that higher minimum wages lead more firms to prefer renegotiation than wage-posting.
Engbom and Moser (2021) equip a Burdett and Mortensen (1998) model for quantitative analysis and study the
effects of a large increase in the minimum wage in Brazil. They do not compute or delineate the forces that
would shape an optimal minimum wage in that framework. Doppelt (2018) provides a review of the literature on
minimum wages in random search settings and a characterization of the impact of minimum wages on hours in
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search and matching framework.
Finally, we make a theoretical contribution to the study of market equilibria under price controls. Papers have
studied oligopoly under price-ceilings, which is the symmetric case to oligopsony under a price-floor such as
the minimum wage, but the infrequent use of price-ceilings by policy makers has made this a small literature.
Molho (1995) provides a theoretical characterization in a stylized setting with two symmetric firms. Reynolds and
Rietzke (2018) extends Molho (1995) to allow for entry, which we abstract from in our setting. In an environment
with productivity heterogeneity and N firms we provide a characterization that exploits equilibrium rationing
constraints and shadow wages that account for the social value of relaxing these constraints. This formulation
makes the problem ‘smooth’, and facilitates the use of standard techniques to solve the Nash equilibrium. It
also facilitates aggregation, revealing a single aggregate shadow wage that encodes the negative welfare effects of
binding rationing constraints across the entire joint distribution of worker types, firms, and markets.
There is significant work on optimal minimum wages from a public finance perspective: see Allen (1987) and
Lee and Saez (2012) for a review. In particular, Lee and Saez (2012) demonstrate how preferences for redistribution
shape the optimal minimum wage in a competitive economy. The utilitarian optimal minimum wage is also redistributive in our setting. Danziger (2010) and Danziger and Danziger (2015) provide characterizations of minimum
wages with imperfect enforcement and graduated minimum wages, respectively.
Lastly, there is a quantitative literature on the macroeconomic effects of minimum wages that abstracts from
the question of optimality. Sorkin (2015) and Sorkin (2015) consider industry equilibrium models. They measure
firm responses to minimum wages in models with putty-clay capital decision but in a partial equilibrium labor
market where wages are taken as given. When comparing short- and long-run optimal minimum wages we follow their putty-clay approach, but in general equilibrium. There is also a body of papers on the macroeconomic
consequences of downward wage rigidities. Glover (2019) provides a review of this literature and a quantitative
exploration of the Fair minimum Wage act of 2007 in a New Keynesian framework. Lastly, a number of structural labor papers use preference heterogeneity to measure the implications of minimum wages for inequality, for
example Haanwinckel (2018), in addition to several papers mentioned above.
An analogy.

The main trade-offs and economic forces in the model can be captured by a simple analogy that may

be useful to the reader throughout. These are consistent with the empirical evidence on the reallocation effects of
minimum wages and theoretical mechanisms of the model.
Wage spillovers, reallocation and misallocation effects of minimum wages
Consider a worker, Jane, that lives above a corner-store in New York City, and can either work at the corner-store downstairs for $8/hr, at a Supermarket a
short walk away for $9/hr or at Whole Foods a longer walk away for $10/hr. Since the corner-store is less productive, its wage is lower, but still represents
a markdown on its marginal product of $8.50/hr. Individuals like Jane live nearby and will accept lower wages. The wage at both the Whole Foods and
Supermarket are lower than their respective marginal products of $10/hr and $11.50/hr. The gap between wage and marginal product is widest at Whole
Foods, since it has the most market power. The city introduces a minimum wage of $9.50. Unable to afford a wage higher than its marginal product the
corner-store closes and Jane moves to the Supermarket. The Supermarket expands, which lowers its marginal product, and pays 50c higher wages due the
minimum wage, but absorbs both losses as narrower profits. Three positive outcomes for the economy occur: (i) output increases as labor is reallocated
to a more productive establishment, (ii) the gap between marginal product and wage at the Supermarket shrinks, increasing efficiency, (iii) facing more
competition from the Supermarket, Whole Foods increases its wage—with an elasticity of 0.25 to its competitors wage increases—to $10.10. The city now
introduces a $9.75 minimum wage, which increases the Supermarket’s wage by 25c. Wholefoods responds by increasing its wage by around 5c. With the
relative wage of the Supermarket increasing, another worker, Bob, moves from Wholefoods to the Supermarket, which generates misallocation, and reduces
output.
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Overview.

Sections 2 lays out the model environment with worker heterogeneity. Section 3 simplifies the model

to one worker type and provides our characterization of partial equilibrium firm optimality, market equilibrium,
and general equilibrium under the minimum wage. This provides our main theoretical results. In Section 4 we
provide a calibration of the full model. Section 5 validates the model by replicating the design and estimates
of empirical studies by Dustmann, Lindner, Schoenberg, Umkehrer, and vom Berge (2021) and Derenoncourt,
Noelke, and Weil (2021). Section 6 computes the optimal ‘Federal’ minimum wage and decomposes the trade-offs
that shape the optimum. Section 7 assesses optimal minimum wages with fixed capital in the short-run, firm exit,
and alternative wealth distributions. Section 8 concludes.

2

Model

2.1

Environment

Agents.

The economy consists of K households and a continuum of firms. Firms are heterogeneous in two

dimensions. First, firms inhabit a continuum of local labor markets j ∈ [0, 1], within which there exists an exogenously given finite number of firms indexed i ∈ {1, 2, ...M j }. Second, firms differ in their total factor productivity
zij ∈ (0, ∞) drawn from a distribution F (z). The only ex-ante difference between markets is the number of firms
M j ∈ {1, . . . , ∞}. Households are heterogeneous in four dimensions: their measure πk , disutility of labor supply
ϕk , factor-augmenting productivity ξ k and share of capital and profit income ηk .
Goods and technology.

Each firm produces a single final good that is traded in a perfectly competitive market

at a price P, which we normalize to one. These goods are used for consumption and investment. Firms operate a
value-added production function that uses labor of each type nijk .3 Let Z be a common component of productivity
across firms. A firm produces yij units of net-output according to the production function:
K

yij

= Zzij

∑ ξk

k =1



γ


1− γ α

nijk k ijk

,

γ ∈ (0, 1]

α>0

,

The production function has a unit elasticity of substitution between capital and labor for each type, with potentially decreasing returns to scale at the type level, and is additively separable across types.
Preferences.

Each household has a unit measure of workers and preferences over per-capita consumption and

labor:
∞

Uk =

∑ βt uk

t =0



ckt
,n
πkt kt



∞



=

∑ βt 


t =0

ckt /πk

1− σ

1−σ

−

1
1/ϕ
ek
ϕ

1+ ϕ1

nkt

1+

1
ϕ



.

(1)

ek expresses the disutility of labor supply on a per capita basis which we normalize by an aggregate
The parameter ϕ
1+1/ϕ 4
ek = ( ϕk /ϕ) πk
measure ϕ: ϕ
. Per capita labor supply disutility is defined by a nested CES expression as in
Berger, Herkenhoff, and Mongey (2021) and depends on the allocation of labor across and within labor markets,

3 Since aggregating firm-level value-added yields aggregate output (GDP), we abuse terminology and refer to the output of this production
function interchangeably in terms of goods and value-added.
4 Our preferences for heterogeneous households with measure π is similar to that used in Dyrda, Kaplan, and Rios-Rull (2012), who
k
consider an economy with different ages of households.
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while consumption goods are perfect substitutes:
ˆ
ckt =

"ˆ

1 Mj

∑ cijt dj

,

0 i =1

nkt :=

0

1

θ +1
θ

#



θ
θ +1

n jkt dj

,

Mj

η +1
η



n jkt :=  ∑ nijkt 

η
η +1

,

η ≥ θ.

(2)

i =1

The elasticities of substitution η and θ are such that the household finds employment at firms within a market
to be closer substitutes than across markets. Labor supply to firms is therefore more elastic within than across
markets. Our formulation nests both perfect competition, where firms within markets face perfectly elastic labor
supply curves (η → ∞), and complete monopsony when there is one firm in a labor market and labor supply to
the market is perfectly inelastic (θ → 0).5
Budget constraints and endowments. Each household has its own budget constraint. It receives income from
labor supply to all firms in all markets, capital income and profits, choosing how much to consume and invest.
The initial distribution of capital in the economy is a free-parameter of the competitive equilibrium. We denote
each household’s share of the initial capital stock by ηk .
ˆ
Pt ckt + k kt+1 =

Mj

∑ wijkt nijkt dj + Rt kkt + (1 − δ)kkt + ηk Πt

,

k k0 = ηk K0 .

(3)

i =1

Minimum wages and rationing constraints. Absent a minimum wage, we have the necessary ingredients to
formulate a competitive equilibrium. To solve and characterize the minimum wage economy we introduce a
novel feature to the household information set, which are a set of rationing constraints. This is a set of numbers that
the household takes as given and will be determined in equilibrium. At each firm in each market, the rationing
constraint nijkt tells the household the maximum amount of labor it may supply to the firm. From the firm side,
the wage wijkt is bounded below by a minimum wage w ≥ 0.
Markets and competition. The K households each behave competitively and take prices as given. Since firms
produce a homogeneous good and there are infinitely many firms in the economy, competition in the goods market
is perfectly competitive. Competition is also competitive in the rental market for capital. Because there are only
a finite number of firms in each local labor market, firms behave strategically, competing under Cournot, where
they choose the quantity of employment given the quantities chosen by their competitors. Since each labor market
is infinitesimal with respect to all other labor markets in the economy, firms take quantities and wages outside of
their labor market as given.

2.2

Equilibrium

Household problem.

Given its initial endowment of capital, each household maximizes its utility (1) subject to

its budget constraint (2), and rationing constraints. Let the multiplier on the household’s budget constraint be
χkt , and write the multiplier on the rationing constraint νijkt as νijkt = χkt wijkt (1 − pijkt ). The first two terms are
normalizations; the second re-writes the multiplier in terms of pijkt , such that the multiplier is slack if pijkt = 1 and
5 In Berger, Herkenhoff, and Mongey (2021) we show how the labor supply curves that obtain under these preferences can also be obtained
by individuals making discrete labor supply decisions (i) across an employment / non-employment margin, (ii) across markets, (iii) across
firms within markets. If preferences across these three are drawn from a correlated Gumbel distribution, then the parameter ϕ maps directly
into overall variance of draws, θ into the conditional variance across markets, and η into the conditional variance within markets. This is
a straight-forward extension of techniques from the demand system literature: Anderson, De Palma, and Thisse (1987) (single nested) and
Verboven (1996) (double nested).
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binding when pijkt < 1. Period t wage payments and rationing constraints appear in household k’s Lagrangian
(Lk ) as:
ˆ

Lk =

· · · + χkt

∑ wijkt nijkt dj +

ˆ


 h
i
χ
w
1
−
p
n
−
n
dj
∑ kt ijkt
ijkt
ijkt
ijkt
i |
{z
} |
{z
}

i

Rationing constraint

Multiplier: νijkt

Combining the budget constraint and rationing constraint, it becomes clear that households make labor supply
eijkt = pijkt wijkt :
decisions based on the shadow wage, w
ˆ

Lk =

· · · + χkt

ˆ

pijkt wijkt nijkt dj − χkt
{z
}
|


∑
i

∑ wijkt




1 − pijkt nijkt dj.

i

eijkt
:=w

eijkt which is
Intuitively, households make decisions with respect to nijkt that are as if they face a shadow wage w
less than wijkt when the rationing constraint binds. This has a second interpretation: in the household problem


pijkt functions like a job finding rate, converting labor income wijkt nijkt into expected labor income wijkt pijkt nijkt .
Given this formulation of the constraint, the first order condition for household labor supply to firm-ij and first
order condition for consumption equate marginal benefit to the marginal disutility of firm, market and overall
labor supply:
nijkt
n jkt

wijkt pijkt =

! η1

n jkt
nkt

! 1θ 

u (c , n )
− k,c kt kt
uk,n (ckt , nkt )


(4)

eijkt = pijkt wijkt can be used to define the market- and type- shadow wages as:
The firm specific shadow wage w




Mj

e jkt :=  ∑
w

i =1

1
1+ η

1+ η
eijkt 
w

"ˆ
,

ekt :=
w

1

0

#

1
1+ θ

e1jkt+θ dj
w

Using these definitions and (4), we can write the labor supply curve to the firm, inverse labor supply curve and
household supply curve as:

nijkt =
|

!η
eijkt
w
e jkt
w
{z

e jkt
w
ekt
w

!θ
nkt

,

}

Labor supply curve

eijkt =
w
|

nijkt
n jkt

! η1

n jkt
nkt

! 1θ
ekt
w

{z

,

}

Inverse labor supply curve

ϕ



ek w
ekt
nkt = ϕ

ckt
πkt

−σϕ

{z

|

}

Household labor supply curve

Combining these results, we can show that shadow wages aggregate in the following sense:
e jkt n jkt =
w

∑ weijkt nijkt

ˆ
,

i∈ j

ekt nkt =
w

e jkt n jkt dj.
w

Define the shadow share of a firm as the total shadow payroll of the market in the obvious way, then:

e
sijkt

eijkt nijkt
w
:=
eijkt nijkt
∑i ∈ j w
|
{z
}

eijkt nijkt
w
=
=
e jkt n jkt
w
|
{z
} |

Shadow share definition From aggregation
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eijkt
w
e jkt
w

!1+ η

=
{z

nijkt
n jkt

From labor supply curve

! 1+ η
η

=
} |

∂n jkt nijkt
∂nijkt n jkt
{z
}

From preferences

(5)

These results show that when we aggregate, labor is allocated across firms according to equilibrium shadow wages,
where the market- and type-level shadow wages encode the full distribution of multipliers on rationing constraints that exist due to the minimum wage. Importantly, when unconstrained firms in a market—for which their
wage and shadow wage coincide since pijkt = 1—consider increasing their employment, a key derivative in their
marginal cost is how market employment n jkt changes with their employment, which, being oligopsonists, they
internalize. The final expression says that the associated elasticity is given by the firm’s share of market shadow
payroll, and is a function of their wage relative to the market shadow wage.
Each firm solves a static optimization problem in which it hires both types of workers and rents
ekt and type-level
capital to maximize profits, taking as given the rental rate of capital R, type-level shadow wages w
Firm problem.

labor supply nkt , which are outside of its control. Under a Cournot equilibrium concept it also takes as given its
competitors employment decisions n−ijkt , but understand how its decisions impact n jkt :
K

πijt = max Zzij
nijkt ,k ijkt

∑ ξk



k =1


1− γ α

γ

nijk k ijkt

− Rt ∑ k ijkt − ∑ wijkt nijkt
k

k

subject to

wijkt = max





nijkt
n jkt

! η1

n jkt
nkt

! 1θ
ekt , w
w




"

, where

η
1+ η

η
1+ η

n jkt = nijkt + ∑ nljkt

# 1+ η
η

for each k.

l 6 =i



Since the firm can treat this problem separable across types, it can choose k ijkt optimally and consider this a decision
in only nijkt , giving the type-k problem:
α
e ξek e
zij neijkt
− wijkt nijkt
πijkt = max Z
nijkt

subject to the same constraints as above, where e
α = γα/(1 − (1 − γ)α), and tilde variables are transformations
according to
h

xe = 1 − (1 − γ) α

(1− γ ) α
i  (1 − γ) α  1−(
1− γ ) α

R

1

x 1−(1−γ)α .

α . This implies that aggregate output is then Y = Y/
e (1 − (1 − γ)α), where Y
e =
e ξek e
We define yeijkt := Z
zij neijkt
´
(∑k ∑i yeijkt dj).

Unconstrained firm. Consider a firm that is unconstrained. That is, the solution to the above problem ignoring
the constraint, delivers a quantity nijkt that implies a wage wijkt > w. The firm’s optimality conditions can be
expressed as a wage wijkt that is a markdown µijkt relative to the marginal revenue (net of capital) product of labor:
wijkt = µijkt × mrplijkt

,

α −1
mrplijkt = e
αe
zijkt neijkt
.

Differentiating the inverse labor supply curve implies that the markdown depends on the firms’ inverse labor
supply elasticity, but with a minimum wage, that labor supply elasticity depends on the firms’ shadow share of
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shadow payrolls in the market:

µijkt

e
ε ijkt
=
e
ε ijkt + 1

,

1
e
ε ijkt

∂ log wijkt
=
∂ log nijkt

n−ijkt

1
= +
η



1
1
−
θ
η




∂ log n jkt
1
1
1−e
sijkt .
= e
sijkt +
∂ log nijkt
η
θ

In the presence of a minimum wage, firms optimal markdowns are affected by the minimum wage even for unconstrained firms. Why? Competing firms may be paying very high minimum wages, but with very binding
rationing constraints are paying low shadow wages, employing few workers, which is reflected in a low shadow
share of the market. This leads to a higher shadow share of an unconstrained firm and consequently lower labor
supply elasticity.
Another logical question is ‘why does the unconstrained firm care about shadow wages and not actual wages paid?’. It
is precisely because shadow wages encode all relevant information about employment levels and firms Cournot
compete on employment. This is clear from the expression for shadow shares (equation 5) which shows that they
reflect relative market employment.
Constrained firms. Constrained firms come in two varieties. Consider the above problem subject to paying the
minimum wage, and now explicitly allow for the fact that firm can always choose to employ less workers than
s :
supplied by the household nijkt

πijkt

α
e ξek e
= max Z
zij neijkt
− wnijkt
nijkt

,

subject to

w
e jkt
w

nijkt ≤
|

!η

e jkt
w
ekt
w
{z

!θ
nkt

s
Denote this quantity nijkt

}

The marginal cost for constrained firms is the minimum wage w. If absorbing all workers the household would
s
supply at w results in a marginal product of labor that exceeds marginal cost, the firm will hire all nijkt
workers.

However if doing so would push marginal product below marginal cost, it chooses nijkt to equate the two:

nijkt


η  we θ
jkt

 wew
nkt
ekt
w
jkt
= 
1
 eαezijkt  1−eα

w

,

if

se
α −1
αe
zijkt nijkt
w≤e

h

On labor supply curve, mrplijkt > w

i

,

if

se
α −1
w>e
αe
zijkt nijkt

h

On labor demand curve, mrplijkt = w

i

(6)

This delivers both the labor demand curves of the firm and the equilibrium rationing constraints that the household takes as given:

nijkt =

e
αe
zijkt
w

 1−1 eα

.

This object can be defined for all firms whether they are constrained or not, and does not depend on equilibrium
prices, hence it is a set of numbers that are given to the household as part of the equilibrium.
Equilibrium. Throughout we focus our analysis to an economy that begins in steady-state, such that initial aggregate capital K0 is at its steady-state value. At the end of the following section we use aggregation conditions to
deliver a parsimonious set of equilibrium conditions. At this point we leave the definition terse: a competitive equieijk , rationing constraints nijk , for all types
librium is an allocation of employment nijk , wages wijk , shadow wages w
at all firms in all markets, such that labor supply and shadow wages are consistent with household optimality
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under rationing constraints, and market by market firm employment constitutes a Nash equilibrium.

3

A shadow wage characterization of a minimum wage economy

We characterize the comparative statics of the economy as the minimum wage increases from zero, and proceed in
three steps: partial equilibrium, market equilibrium, and general equilibrium. To simplify exposition and notation,
consider a single type of labor and remove capital, such that firm output is simply yij = zij nijα , and the resource
´
constraint implies aggregate y = ∑i yij dj = c.

3.1

Partial equilibrium
ε

First, consider a single firm with a fixed isoelastic labor supply curve with elasticity ε i : n(wi ) = wi i . The firm
can be in one of three regions: Region I (unconstrained), Region II (constrained, on labor supply curve), Region III
(constrained, on labor demand curve).
We now define an additional object, which we call the shadow markdown:

εi



 ε i +1

ei
w
ei :=
= αz n(ww)α−1 =
µ

i
mrpli


 pi w = p
mrpli

w 1+ ε i (1− α )
αzi

i

,

if in Region I

,

if in Region II

,

if in Region III

(7)

If unconstrained, the shadow markdown is given by the standard markdown formula. If constrained in Region
II, the shadow markdown narrows as the minimum wage increases: supply of labor to the firm increases, while
its marginal product falls. In Region III, the shadow markdown is given exactly by the multiplier on the rationing
constraint, pi . From these expressions it is clear that at the border of Region II and Region III, the shadow markei = 1 as the constraint only binds weakly, but the marginal revenue product and minimum wage are
down µ
equated. We can use this to characterize partial equilibrium comparative statics, which we illustrate in Figure 2.
No minimum wage.

Starting in Panel A, we illustrate the economy without a minimum wage. With decreasing

returns the firm faces a downward sloping marginal revenue product of labor mrpli curve which is below its
average revenue product arpli . Monopsony power implies that the marginal cost curve mcij exceeds the wage wij ,
read off the labor supply curve. Increasing labor by one more unit increases costs by wij plus the marginal increase
in the wage multiplied by all existing workers w0 (nij )nij . Optimal nij∗ equates marginal revenue and marginal cost
resulting in a wage wij∗ that is a markdown µij on the mrplij . The firm earns profits due to this markdown and the
fixed factors of production that lead to decreasing returns.
Efficiency. We briefly digress to discuss the competitive equilibrium in Panel A and its relation to minimum
wages. The competitive allocation at firm i in partial equilibrium is given by (niC ,wiC ). Since firms are heterogeneous and face firm-specific labor supply curves, only a firm-specific minimum wage wiC can implement the
competitive allocation. Such a firm specific minimum wage would require real-time information on productivity
and labor supply curves, an information set that we view as implausible for any regulator.
Region I. Next, in Panel B, we study a non-binding minimum wage. Up to the point that the marginal worker
must be hired at a wage greater than w, marginal costs are constant and equal to w. As soon as the firm must hire
12

A. No minimum wage

C. Region II - Binding & On LS

B. Region I – No effect

D. Region III - Binding & Excess labor supply

Figure 2: Partial equilibrium theory of minimum wage
the next worker as a wage above w, inability to price discriminate means they must pay all their workers more.
This generates a jump in marginal costs where the labor supply curve intersects the minimum wage w. Once the
firm is paying above the minimum wage, their marginal cost curve is as before, identical to Panel A.
Region II.

In Panel C, the minimum wage has pushed the firm into Region II: the minimum wage now binds, but

employment is pinned down by labor supply. Observe the rationing constraint ni determined by the intersection
ei = w. Profit
of mrpli and the minimum wage. Since this constraint is slack, pi = 1, and the firms’ shadow wage w
shrinks on both margins, and these losses are born by the firm. In this region employment is higher and wages are
ei is now narrower, as the minimum wage moves the firm toward
higher. Moreover, the firms’ shadow markdown µ
the efficient allocation at which mrpli and wi are equated. Since marginal cost jumps above the marginal revenue
product of labor, profit maximizing employment is on the labor supply curve at w.
Region III. Further increasing the minimum wage pushes the firm into Region III (Panel D). Employment is now
constrained at the rationing constraint: ni = ni . The minimum wage is above the competitive wage so, absent the
rationing constraint, labor supply would exceed labor demand. Since wij = w = mrplij , the wage markdown is
zero but profit πij remains positive due to decreasing returns to scale.6 Our theory rationalizes household labor
ei = pi w, where now pi < 1. The household supplies nij = w
eiε workers
supply of nij through the shadow wage, w
to the firm, which makes clear that the shadow wages rather than the actual wages of competitors will determine
6 Note that Region III does not exist with constant returns to scale. With constant returns to scale the competitive wage is equal to mrpl
i
which is a constant. Therefore as w increases past the competitive wage, the firm exits.
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Figure 3: Comparative static increase in the minimum wage: Market equilibrium
Notes: All aggregates are held fixed and we plot outcomes for a market with three firms as the minimum wage is increased. The x-axis plots the
minimum wage relative to unconstrained optimal wage of the low productivity firm: w/w∗L . We increase the minimum wage from 10 percent
eij = pij wij ,
below to 50 percent above this wage. Panel A plots the regions corresponding to Figure 2. Panels B and C plots the shadow wage w
and actual wage wij . Panel D plots employment relative to unconstrained employment at the low productivity firm.

competitors’ residual labor supply curves.
Region III firms always hire less than the competitive allocation of labor. However, it is important to note that
Region III firms may still hire more workers than the baseline economy in Panel A. With firm heterogeneity in
productivity firms will be distributed across these regions within each market, with changes in minimum wages
having an accordingly wide variety of effects.
In summary, at the microeconomic level of the firm in partial equilibrium, the introduction of rationing constraints delivers a clear picture of wages and shadow wages that rationalize equilibrium labor supply to a firm.
We now show how these help characterize efficiency effects of minimum wages at the market level.

3.2

Market equilibrium

Comparative static. Figure 3 considers the same comparative static but now in a market equilibrium with three
firms.7 All aggregates are held fixed. On the x-axis we plot the minimum wage relative to the Region I optimal
wage of the low productivity firm: w/w∗L . Panel A confirms that as the minimum wage increases the low productivity firm transits through the three regions described in Figure 2. Its wage increases one-for-one across Region
II and Region III as the minimum wage increases (Panel C), but its shadow wage and shadow share decline as it
moves back along its labor demand curve in Region III (Panel B). As such it expands (Panel D), doubling in size,
before it shrinks as the minimum wage increases further.
The behavior of the medium and high productivity firms reflect the Nash equilibrium at the market level. To
7 This

figure is constructed using the calibrated model, and three firms at percentiles 10, 50 and 90 of the productivity distribution.
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begin with the firms are larger, and pay higher wages. As the low productivity firm’s wage increases in Region
II, its share increases, which lowers the share of the unconstrained firms. With lower market shares due to stiffer
competition, the unconstrained firms’ equilibrium markdowns narrow so their wages increase. As the low productivity firm enters Region III, these changes play out in reverse. The low productivity firm is now shrinking,
and its shadow wage—which encodes the multiplier on its associated rationing constraint—declines. Here the
unconstrained firms respond not to the wage of the low productivity firm, but the shadow wage which encodes
employment information (see equation (5)) which is relevant for Cournot competition. Their shadow shares of
the market increase, as the shadow share of the low firm shrinks, they widen their markdowns so their wages
decrease. The minimum wage is now slackening competition, causing unconstrained firms to cut their wages.
This, however, is short lived, as the process begins again as the medium productivity firm is hit with the
minimum wage. Although difficult to see here, the endogenous equilibrium response of the high productivity
firm to the medium productivity firms’ wage increases at the minimum wage are steeper than with respect to the
low productivity firm. With a larger share of employment, the medium productivity firm represents more of the
market, eliciting a larger wage response.
In terms of wages, both medium and high productivity firms’ wages have increased, representing narrowing
of their gaps between wages and marginal products. In terms of employment, consider the right end of the figure,
where two effects can be observed. On the one hand, labor has been entirely reallocated away from the low
productivity firm. On the other hand, labor has been partially reallocated away from the high productivity firm to
the medium productivity firm. The latter is a necessary outcome of the large firm responding less than one-for-one
to wage increases at its competitors (Panel C), which is consistent with the empirical evidence: relative quantities
follow relative prices. We will make sure our model matches new evidence on the elasticity with which one firms’
wages change following the narrowing of a competitor’s markdowns.
Aggregation. We can aggregate the equilibrium conditions across firms within the market to understand how
these changes affect market level outcomes. We have two sets of conditions.
1. Firm conditions. We have the following sets of conditions:
yij =

zij nijα

,

nij =

eij
w
ej
w

!
nj

eij = µ
eij mrplij
w

,

,

mrplij = αzij nijα−1

2. Market conditions. Let y j denote market-level output, then we have
"
ej =
w

∑
i∈ j

#
1+ η
eij
w

1
1+ η

,

yj =

∑ yij
i∈ j

We can combine these conditions to obtain the following characterization of output, wages and employment at the
market-level:
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e j satisfy:
Market-level output y j , employment disutility n j and shadow wage w

Lemma 1 - Market equilibrium

yj =

ω j z j nαj

|

{z

1. Output

,

}

ej =
w
|

ej αz j nαj −1
µ
{z

2. Shadow wage

ej
w
ej =
n
e
w
|
{z


,

}

θ
n

3. Labor supply

}

ej and ω j are defined by the following expressions:
where the variables z j , µ
"
z j :=

1+ η
1+ η (1− α )

∑ zij

# 1+η1+(1η−α)

"
,

i∈ j

|

{z

1. Market productivity

}

ej : =
µ
|

∑
i∈ j

zij
zj

!

1+ η
1+ η (1− α )

1+ η
1+ η (1− α )

# 1+η1+(1η−α)
,

eij
µ

ω j :=

∑
i∈ j

{z

2. Market shadow markdown

}

|

zij
zj

!

1+ η
1+ η (1− α )

eij
µ
ej
µ

!

ηα
1+ η (1− α )

{z

3. Market misallocation

e ), market-level labor supply solves the labor demand and supply conditions on
Given aggregate conditions (n, w
ej and ω j are productivity weighted
the first line, which then determine output. The two endogenous wedges µ
averages of firm level outcomes, and encode the effect of minimum wages through the shadow wages of firms.
ej ), contracts market labor demand.
The first aggregates shadow markdowns and is a wedge that, when wider (↓ µ
In the minimum wage economy this occurs for two reasons: markdowns of unconstrained firms and constrained
eij = pij < 1). The second, represents
firms in Region II, or firms with binding rationing constraints in Region 3 (µ
misallocation in the sense that given n j , a worse allocation of employment across firms generates a lower ω j
which represents a direct output loss: d log y j /d log ω j = 1. If all shadow markdowns were identical, this term
eij . This is the case
would equal 1, but with heterogeneity this term is lower if zij is negatively correlated with µ
across firms absent a minimum wage: higher productivity firms have wider markdowns, which reduces their
employment, leading to misallocation. With a minimum wage, however, some low productivity firms may have low
shadow markdowns, which can lead to improvements in misallocation and increase ω j .
ej . Figure 4 shows how these
Lemma 1 allows us to focus on the role of the minimum wage in shaping ω j and µ
objects change as the minimum wage increases, with two key take-aways. First, in Panel A, productivity weighting
implies that the market shadow-markdown is shaped by the endogenous response of the unconstrained firms. The
low initial level is due to most employment being at the high productivity firm, which has the widest markdown.
Wages then rise steeply at the low productivity firm in Region I, narrowing its markdown, but since the firm is
low productivity these have little direct impact on the overall wage payments in the market and hence the shadow
markdown. Despite this the endogenous response due to strategic interaction narrows the market markdown
slightly, which narrows further as the high productivity firm responds more aggressively when the minimum
wage binds at the middle firm. Second, in Panel B, misallocation varies. Misallocation worsens with the expansion
of the low productivity firm as its wage increases, improves as it slowly gets pushed out of business, and then
worsens again as employment is reallocated from the high to the medium productivity firm.

3.3

General equilibrium

We can use this characterization of the market equilibrium to aggregate again to general equilibrium conditions
1. Market conditions. We have the following sets of conditions:

yj =

ω j z j nαj

,

nj =

ej
w
ej
w

!θ
nj

,
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ej = µ
ej mrpl j
w

,

mrpl j := αzij nijα−1

.
}

Figure 4: Market level outcomes: Shadow markdown and misallocation
Notes: All aggregates are held fixed and we plot outcomes for a market with three firms as the minimum wage is increased. The x-axis plots the
minimum wage relative to unconstrained optimal wage of the low productivity firm: w/w∗L . We increase the minimum wage from 10 percent
ej given in Lemma 2. Panel B plots the market markdown ω
e j given
below to 50 percent above this wage. Panel A plots the market markdown µ
in Lemma 2. Moving from left to right, the vertical dotted lines correspond to the low and then medium productivity firms move from Region
I to Region II. The vertical dashed line corresponds to the low productivity firm moving from Region II to Region III.

2. Aggregate conditions. Let y denote aggregate output, then we have
ˆ
e=
w

e1j +θ dj
w



ˆ

1
1+ θ

y=

,

y j dj

Given these we can derive the follwing:
e
Lemma 2 - General equilibrium Aggregate output y, consumption c, employment disutility n and shadow wage w
satisfy:
y = ωznα
|

{z

1. Output

,

e=µ
eαznα−1
w
|

}

{z

,

e=w
e ϕ c−σϕ
n
|

}

2. Shadow wage

{z

}

3. Labor supply

y=c

,

| {z }

4. Resource constraint

e and ω are defined by the following expressions:
where the variables z, µ
"ˆ
z :=
|

1+ θ
1+ θ (1− α )

zj

{z

# 1+θ1(+1θ−α)
dj

1. Aggregate productivity

"ˆ 
,

}

e :=
µ
|

zj
z



1+ θ
1+ θ (1− α )

1+ θ
1+ θ (1− α )

ej
µ
{z

# 1+θ1(+1θ−α)
dj

2. Aggregate shadow markdown

ˆ 
,

}

ω :=
|

zj
z



1+ η
1+ η (1− α )



ej
µ
e
µ

 1+θθα
(1− α )

{z

3. Aggregate misallocation

e, ω ) representing an aggregate shadow markdown and aggregate
The implication is that given the aggregate wedges (µ
misallocation the competitive equilibrium of the economy is entirely determined up to the variables that impact
welfare (recall utility: u(c, n)), without knowing wages themselves. Importantly, Lemma 2 says we can separately
assess the role of the minimum wage on narrowing markdowns and better / worse misallocation by computing
counterfactual equilibria under changes to one wedge at a time.
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dj .
}

3.4

General equilibrium - Multiple types and capital

e ξek e
With capital the above all extends directly with production in yeijk = Z
zij neijα , where the ‘tilde’ objects, defined
earlier, account for the optimal choice of capital type-by-type. With multiple types, a useful aggregation result still
obtains that exploit to (i) solve the model, (ii) quantitatively decompose the model, (iii) benchmark weights in the
social welfare function.
Note that the first welfare theorem says that there exists Pareto weights that rationalize the competitive equilibrium allocation following from initial endowments. In this case initial endowments are initial capital: k k0 = ηk K0 .
To accommodate labor market imperfections, we consider a ‘partial’ planner that takes as given wages and prices,
and chooses both households’ labor and consumption allocations to maximize total utility under Pareto weights

{ψk }kK=1 , where a utilitarian planner would assign ψk = πk :
U = ∑ ψk
k

∞

∑ uk



t =0


ckt
, nkt ,
πk

Define the following indexes:
"

C :=



∑ ψk
k

ckt
πk

1−σ # 1−1 σ

"
,

N :=

∑
k

ψk
1/ϕ

ek
ϕ

1+ ϕ
ϕ

#

ϕ
1+ ϕ

nkt

.

Then we can write the planner utility as
1+ ϕ1



∞

C 1− σ
1 N
U = ∑ βt  t
− 1/ϕ t
1−σ
1+
ϕ
t =0

1
ϕ


.

Solving the partial planner’s problem, taking prices as given and endowed with K0 units of capital delivers an
allocation of consumption and labor supply to households given by:

ckt =

ψk
πk

1 
σ

1
Pt

− 1

σ



Ct

,

ek
nkt = ϕ

ψk
πk

− ϕ 

ekt
w
ft
W

ϕ

N.

(8)

Intuitively, higher Pareto weights relative to population shares entail a higher share of consumption and less labor
ek ).
supply, where the latter is offset if relative wages of the type are higher, or disutility of work is lower (higher ϕ
f
The aggregate shadow price Pt and shadow wage Wt indexes are given by
"

Pt =

1
σ

σ −1
σ

∑ ψk πk

#

σ
σ −1

"
,

ft =
W

∑ ϕek πk
k

k



ψk
πk

− ϕ

#
1+ ϕ
ekt
w

1
1+ ϕ

.

To see that the two solutions coincide, note that it is straight-forward to show that combining the allocations of
consumption and labor in (8) gives the competitive equilibrium labor supply curves of each household, and that
supply decisions by firm-market-type are the same as in the competitive equilibrium. Moreover the partial planner’s steady-state Euler equation coincides with that of the two households. As is standard, first order conditions
for consumption reveal that the required Pareto weights map into multipliers on households budget constraints,
which are constant in steady-state. Normalize θ1 = 1, then ψk = µ1 /µk , hence capital income shares ηk which
tighten and loosen budget constraints map into Pareto weights and, via (8), into relative consumption.
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Taking the aggregation conditions from Lemma 2 and noticing that they hold at the type-level in the K-type
economy, we can apply similar logic to show the following.
Lemma 3 - General equilibrium - K types Steady-state aggregate output Y, consumption C, capital K, labor aggregate
f satisfy:
N and shadow wage W
ωZe
zN eα
Y = ∑ Yk =
1 − (1 − γ ) α
k
|
{z
}

C = P C = Y − δK

,

|

Output

{z

|

{z

Capital demand

1+ ϕ

e
z=

∑
k



ξek e
zk



1+ ϕ
1+ ϕ (1− α )

α
1+ ϕ (1− α )

φk

# 1+ ϕ (1− α )
1+ ϕ


e = ∑
,µ
k

ξek e
zk
e
z

|

!

{z

Labor demand

}

,

N =ϕ
|

!ϕ

C − ϕσ

Labor supply

}

1 = β[ R + (1 − δ)]
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ek are defined using type specific variables following the formulas in Lemma 2.
and ωk and µ
eijk }i,j,k , these conditions can be solved in closed
Given Pareto weights and a solution for market equilibria, {µ
form for all aggregates and welfare computed. Budget constraints can then be evaluated and if consumption net of
labor income exceeds ηk [( R − δ)K + Π], then Pareto weights can be adjusted upward. That is, the economy can be
solved using a Negishi algorithm modified for strategic interaction in concentrated markets and minimum wages.
e and
Lemma 3 again allows us to focus on how changes in minimum wages impact shadow markdowns µ
misallocation ω. However now, with multiple types, these depend on the Pareto weights consistent with the
competitive equilibrium. For example, as the minimum wage increases, we will find that capital income of high
skill types will decline, tightening their budget constraint and reducing their corresponding the Pareto weight that
would deliver decentralized allocations.. In this way we can use the structure of Lemma 3 to interpret changes in
policy through the lens of changes in Pareto weights.
Importantly, we can also use Lemma 3 in calibrating the model. Rather than calibrating ηk , we use data on
consumption per-capita and (8) to determine Pareto weights of our partial planner household:

ψk =

πk
π1



ck /πk
c1 /π1

σ
.

We then use the budget constraint (3) at the equilibrium allocation and prices to back out ηk . We consider robustness to this approach in Section 7.2, where we instead take the ηk ’s as a starting point.

3.5

Welfare

We will evaluate welfare gains of different households in the economy. For each household, under a particular minimum wage w, the consumption equivalent welfare gain relative to a no minimum wage economy is the
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proportional increase in consumption λk (w) that would deliver the same utility as the minimum wage economy:
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How to weight these across households to compute aggregate welfare gains? An intuitive weighting is obtained
as followed. Define the aggregate welfare equivalent consumption gains by Λρ (w) that solves a similar equation
for aggregate utility under some welfare weights ρk :
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We can show that these are linked as follows:
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If ρk are equal to the Pareto weights ψk that implement the baseline competitive equilibrium, then, using (8), the
weights ρek = (ck /C ) are simply equal to the baseline consumption shares of each household. An obvious alternative is utilitarian weights ρk = πk . Relative to Pareto weights, these twist the weights toward low consumption per
capita households—more so for higher σ—and coincide with the Pareto weights under GHH preferences (σ = 0):
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Our baseline results consider a utilitarian set of weights that reflect populations shares. However, we compare
these two choices of weights ρk when computing aggregate welfare, while also reporting λk (w).

4

Calibration

We now quantify the economy, by calibrating it to US data. We consider two households K = 2, which we calibrate
to workers that have completed and not completed a college degree.8 The economy is calibrated combining data
from the Census Longitudinal Business Database (LBD), using moments computed in Berger, Herkenhoff, and
Mongey (2021), and data from the BLS Current Population Survey (CPS). Due to Census restrictions our data from
the LBD is from 2014, but we use pre-Covid data from the CPS in 2019. Parameters and moments are summarized
in Table 1.
Parameters. There are four sets of parameters. We externally calibrate the discount rate β to imply a risk free
rate of 4 percent annually. The depreciation rate δ is 10 percent. In our baseline calibration we set the preference
parameters governing curvature in marginal utility of consumption σ to 1.05—approximately log—and the Frisch
elasticity of aggregate labor supply ϕ to 0.50. In Section 7.1 we repeat our main counterfactuals under alternative
8 Our framework could be used for much richer heterogeneity given suitable data on consumption shares, income shares and relative
wages. The previous Lemmas allow us to compute and recalibrate equilibria efficiently.
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Parameters

Value

Moment and source

Value

A. External
Risk free rate
Depreciation rate
Aggregate Frisch elasticity
Coefficient of risk aversion
Number of markets
Across market substitutability
Within market substitutability

r
δ
ϕ
σ
J
θ
η

0.04
0.10
0.50
1.05
5,000
0.45
6.96

e
Z
ϕ

14.33
1.52 ×106

Estimate from BHM (2021)
Estimate from BHM (2021)

B. Aggregate shifters
Productivity shifter
Disutility shifter
C. Relative shifters

Fraction of workers below $15/hr wage (CPS)
Average firm size (LBD)

0.29
22.83

e1 = ψ1 = 1 and η1 = 1 − η2 )
(College workers normalized: π1 = ξ 1 = ϕ

Relative population
Relative productivity
Relative disutility of labor supply
Share of asset income

π2
ξ2
ϕ
1/ϕ2
η2

1.874
0.553
1.014
0.096

Population share of non-college workers (CPS)
Relative average wage of non-college workers (CPS)
Labor income share of non-college workers (CPS)
Consumption share of non-college workers (BLS, CEX)

0.65
0.58
0.57
0.41

Std[log zij ]
α
γ

0.268
0.957
0.812

Payroll weighted E[ HH I wn ] (LBD)
Labor share
Capital share

0.11
0.57
0.18

ψ2

0.66

D. Internally estimated
Productivity dispersion
Decreasing returns in production
Labor exponent in production
Implied Pareto weight

Table 1: Calibration of model parameters
values of (σ, ϕ) ∈ [1.0, 4.0] × [0.1, 2.0], recalibrating the rest of the parameters each time to match the moments
below. We set the number of markets J to 5,000. In the data we define a market as a combination of a NAICS
3-digit industry and a commuting zone. We define a firm in the data as the collection of all establishments with
the same firmid in the commuting zone and compute total employment and average worker wage across these
establishments. The distribution of firms across markets G ( M j ) is comprised of a mass point of 0.09 at M j = 1
and a generalized Pareto distribution for M j > 1 with tail, shape and location parameters chosen to best match the
mean (113.10), standard deviation (619.0) and skewness (26.1) of the empirical distribution of M j .
With M j < ∞, firms exercise market power in their local labor markets, and have markdowns that depend on
their shares if η > θ such that there is more elastic labor supply within- rather than across- markets. In Berger,
Herkenhoff, and Mongey (2021) we use the relative response of large and small market share firms to changes
in state corporate taxes—which by distorting capital decisions, are shocks to the marginal revenue product of
labor—to identify θ and η. In an economy without a minimum wage the generalization to multiple types does not
interfere with this exercise and hence we keep the same parameter values: (θ, η ) = (0.45, 6.96).
Shifters. The second group of parameters comprise normalizing constants and relative shifters in productivity
e and ϕ are determined by average firm
e ξ 1 , ξ 2 ) and disutility of labor supply ( ϕ, ϕ
e1 , ϕ
e2 ). We can prove that Z
( Z,
size and any arbitrary moment of the wage distribution. We compute an average size of a firm at the commuting
zone level in the LBD is 22.83, and from the CPS, 29 percent of workers earn below $15 per hour.
Using CPS data, the population share of non-college workers is around two-thirds which determines π2 =
1.874 given a normalization of π1 = 1. Using BLS published aggregates from CEX data, the share of consumption
of non-college workers is lower at 41 percent. Through the lens of Lemma 3, this pins down ψ2 = 0.66 given a normalization of ψ1 = 1. This reflects the fact that despite being twice as large in measure, the share of consumption
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Figure 5: Distribution of wages by worker type and $15 minimum wage
Notes: CPS data constructed using combined MORG and March survey from 2019, using hwtfinl. Wages are computed as weekly earnings
(earnweek) divided by usual weekly hours worked (uhrsworkt). We follow the Federal Reserve Bank of Atlanta Wage Growth Tracker, and
remove individuals whose hourly pay is below the current federal minimum wage for tip-based workers ($2.13). We drop individuals who are
coded as hours vary (uhrsworkt=997). We keep all other workers aged between 16 and 65.

e1 = 1, the remaining ξ 2 and ϕ
e2 are
is less than half. We then show that, conditional on ψk , and normalizing ξ 1 = ϕ
pinned down in closed form by relative average wages and relative total earnings. The relative average wage of
non-college workers in the CPS is 0.58 (i.e. a college premium of around 70 percent), and the share of total labor
income is 0.57, again less than their population share. These deliver ξ 2 = 0.55, i.e. a 45 percent less productive
production function, and a negligibly higher labor disutility shifter. These parameters match the data exactly. Use
of the preceding Lemmas allows for a tractable recalibration of the model as we change ( ϕ, σ ) in later sections.
The result of these parameters is an implied share of asset income (η1 , η2 ) = (0.904, 0.096), which in effect
are the parameters chosen to match the CEX consumption shares, which we backed out via the auxiliary Pareto
weights ψk . In Section 7.2 we let consumptions shares go and conduct our analysis from the starting point of fixing
capital income shares. We consider two extremes: (i) hand-to-mouth non-college households (η1 , η2 ) = (1, 0), and
(ii) equal per capita shares ηk = πk /(πk + π−k ).
Internally calibrated. The final set of parameters are internally calibrated in the economy without a minimum
wage. We verify that they still hold under a minimum wage of $7.50, at which point there is very little effect on
these moments.9 Productivity is assumed to be log-normally distributed. Productivity dispersion and decreasing
returns are identified by the average level of concentration in labor markets (payroll weighted average payroll
hhi of 0.11), and the labor share (0.57, BEA). Higher productivity dispersion increases the market power of more
productive firms, increasing concentration and reducing the labor share. Closer to linear technology also increases
concentration, but reduces profits, increasing the labor share. The implied level of productivity dispersion of 0.27
is consistent with direct empirical estimates (see Decker, Haltiwanger, Jarmin, and Miranda, 2020). Decreasing
returns are moderate, α = 0.957, which will lead to relatively flat mrpli curves and firms shrinking relatively
quickly in Region III. Under any configuration of parameters, the remaining parameter γ can be chosen to match
the capital share, which we set to 0.18 (Barkai, 2016).
9 This

is verifiable in Section 6.8 when we plot comparative statics of these moments with respect to the minimum wage (Figure 16).
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Implied distribution of wages. Figure 5 plots the distribution of wages in the baseline economy without a minimum wage and in the 2019 CPS data used to calibrate the model (details on computation of wages and sample
selection are given in the figure footnote). The calibration matches 29 percent of workers earnings wages less than
a $15. The model also does well on the fraction of college workers below $15 (10% in data vs. 8% in model) and
non-college workers (41% in data vs. 39% in model). Overall, the distribution of firm productivity, type specific
productivity shifters and endogenous markdowns deliver a good fit without additional worker-level heterogeneity. Additional heterogeneity would be needed to capture the fat tails of both distributions, which the model
misses.

5

Validation

As discussed in Section 3, two of the key channels through which minimum wages may improve outcomes are:
(i) reallocation of employment to more productive firms, (ii) increasing wages via strategic interactions at unconstrained firms, which undo markdown distortions. Two recent empirical papers speak to these separately. Dustmann, Lindner, Schoenberg, Umkehrer, and vom Berge (2021) provides evidence on reallocation of employment
to higher productivity firms following a moderate minimum wage increase in Germany. Derenoncourt, Noelke,
and Weil (2021) provides evidence on the size of employer responses to competitor’s voluntary minimum wages.
We show that the model can replicate both studies in sign and magnitude, which gives us confidence in assessing
welfare effects of minimum wages.

5.1

Reallocation Effects of Minimum Wages

Dustmann, Lindner, Schoenberg, Umkehrer, and vom Berge (2021) (DLSUB) “Reallocation Effects of the Minimum
Wage,” studies the effect of the introduction of a minimum wage in Germany and the impact on the cross-section
of workers and firms. In January 2015, a national minimum wage of 8.50 euros per hour was introduced into
an economy with no pre-existing minimum wage. Since our economy is calibrated without an initial minimum
wage we can speak directly to this experiment. Moreover, the minimum wage introduced in Germany was large:
pre-reform, 15 percent of workers earned below 8.50. The novel finding is significant reallocation, generating an
decrease in employment at small firms, and increase in employment at larger, more productive firms.
Empirical setting.

DLSUB consider a number of empirical approaches to studying the minimum wage. The

one we focus on computes the elasticity of firm characteristics with respect to minimum wage exposure. The
authors compute a measure they call the minimum wage Gap: the percent increase in total earnings implied by
the minimum wage, holding employment and hours fixed. In the data, let workers be indexed by ` ∈ {1, . . . , n},
their hours h` and wages w` . Then DLSUB define Gap to be:

∑` max w − w` , 0 h`
Gap :=
∑` w` h`
The authors then regress log changes in firm characteristics around the minimum wage hike on Gap, exploiting
cross-region variation in Gap. These regressions yield elasticities since Gap is already in percentage changes.
We focus on the following moments reported in their paper: (i) average wage: w = ∑` w` h` / ∑` h` , (ii) total
employment n = ∑` 1[h` >0] , (iii) total number of firms, (iv) number of small firms with between 1 and 2 employees,
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A. Model

B. Data
Data 1

I. Replication
Minimum wage
Fraction below w pre-policy

$12.00
0.15

II. Variable x in elasticity: ∆ log x/Gap
Market employment
Firm exit (number of firms with nij ≥ 1)
Number of ‘micro’ firms (with 1 ≤ nij ≤ 2)
Average revenue per worker

0.01
-0.83
-0.31
0.51

Data 2

8.50 EUR
0.15
0.02
-0.19
-0.27
0.31

0.38
-0.24
-0.35
1.04

Table 2: Minimum wage reallocation effects
Notes: Corresponding data estimates for “Data 1” and “Data 2” are respectively taken from p.54 of Dustmann, Lindner, Schoenberg, Umkehrer,
and vom Berge (2021), Table 7, Columns (2) [regional controls and region specific linear trend] and (4) [regional controls interacted with year
∑ max{w − w` , 0} h`
. The Gap defined in the
fixed effects]. Let ` index individuals in the data. The minimum wage gap Gap in the data is `
∑` w` h`
´
∑k ∑i max{w − wijk , 0}nijk dj
´
model is
.
∑k ∑i wijk nijk dj

and (v) average firm size. Their results are found in Table 7, page 54.
Model replication.

We introduce a minimum wage of $12.00/hr which covers 15 percent of workers in the US

(Figure 5B), and solve the model in general equilibrium.
The regions considered in DLSUB are much larger than markets in our model comprising all industries in
multiple commuting zones and rural areas. These do not correspond to a market in our model. We therefore treat
our whole economy as one region, which generates a single Gap measure:
Gap =

∑k

´

∑i max{w − wijk , 0}nijk dj
´
∑k ∑i wijk nijk dj

Under the assumption each individual works the same number of annual hours, our gap measure is directly
comparable to DLSUB. We then compute the elasticity of variable x with respect to the minimum wage exposure
Gap, by taking the ratio of the economy-wide log change in x to Gap. We remove markets with only one firm from
the pre- and post-minimum wage periods, and present results with these included in Appendix Table A1.
Results.

Table 2 compares the model to two sets of the authors’ results. Both control for regional differences in

observable moments (e.g. average age). ‘Data 1’ includes region-specific linear time trends in theses moments,
and ‘Data 2’ interacts pre-reform moments with year fixed effects.
First, consistent with other empirical studies of minimum wage effects, there are little aggregate disemployment effects, with employment increasing marginally. Second, consistent with the new reallocation facts in DLSUB,
we find that firms exit, small firms shrink and average firm size grows. In the model all firms still operate due
to decreasing returns and the fact that nijk is continuous and can go below one (recall Figure 2D). To compare out
model to DLSUB, we classify a firm as ‘exiting’ when their employment drops below one worker. We find that the
elasticity of exit with respect to minimum wage exposure is relatively high in the model compared to the data. The
model’s tight linkage between wage and size implies that the smallest firms are most likely to downsize, enter Region III and ‘exit.’ Likewise, the number of micro firms, defined to be firms with between one and two employees,
declines for the same reason. The model’s elasticity of micro firms is -0.31, compared to -0.27 and -0.35 in the data.
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As employment is reallocated away from constrained unproductive firms toward mid-sized firms, average firm
size rises. The model’s elasticity of firms size with respect to minimum wage exposure is 0.84 compared to 0.15
and 0.31 in the data. Finally, revenue per worker increases as (i) smaller unproductive firms exit the market, (ii)
mild decreasing returns leads shrinking firms’ output per worker to increase, and (iii) labor is reallocated to more
productive firms. On net reallocation generates labor productivity gains.
Interpretation. Subjectively, one of the key take-aways of DLSUB is that minimum wage increases have heterogeneous effects across the firm distribution. This leads to higher concentration, which we return to in Figure 16,
and larger firm sizes. This seems counter-intuitive with respect to the arguments of advocates of the minimum
wage. That this can be good for the economy is obvious from the model, and less obvious from the empirics. The
key mechanism is that low productivity firms do not simply exit and their workers move out of the labor market:
jobs are destroyed, but workers are reallocated to larger, more productive firms. A higher minimum wages forces
out of the market firms that were unproductive but operated due to their small amount of market power and
decreasing returns. We leverage the model to make this decomposition more clear in the next Section 6.

5.2

Derrenoncourt et al (2021) - Firms’ responses to competitor’s minimum wages

Derenoncourt, Noelke, and Weil (2021) (DNW) “Spillover effects from voluntary employer minimum wages”, studies
how voluntary minimum wages as part of large firms’ policies affect the wages and employment of firms within
the large firms’ market. In the context of a $15/hr minimum wage instituted nationally by Amazon in 2018, the
authors find that average wages of workers at Amazon increased by 20 percent. The novel finding is positive
spillovers to competitor’s wages, which increased by around 4.7 percent.10 This implies what the authors call a
cross-employer wage elasticity of 0.24 (= 4.7/20).
Model replication.

To replicate the exercise, we need to identify firms in markets that we can call ‘Amazon’, and

exogenously narrow their markdowns such that their equilibrium wage increases by the observed 20 percent. We
first solve the baseline model, then take a firm i in market j and set its new markdown for both types:
0
µijk
= (1 − ζ ) × µijk + ζ × 1

,

ζ ∈ (0, 1).

That is, we narrow the firms’ markdown a fraction ζ toward the efficient markdown µij∗ = 1.11 We then solve
the Nash equilibrium among the remaining firms in the market. We run this experiment in all J markets, but keep
aggregate wages and employment fixed in the firms’ labor supply curve, since this is a partial equilibrium exercise.
In order to proceed we need to identify firms to label ‘Amazon’. DNW do not provide summary statistics
on the initial relative wages of Amazon or on the number of competitors that Amazon faces. Absent this, we
focus on the most productive firm in each market. We conduct this experiment for firms in all markets, and then
consider dropping markets based on a cut-off for the number of firms operating in a market (i.e. we keep market
j if M j ≥ M), starting at M = 2 and going up to M = 30. It is unlikely that Amazon operates in markets with only
two firms, but we do not have additional data to discipline M. If ζ were left fixed, we would find that the average
change in the leader’s wage is smaller when M is larger, due to tighter competition. We therefore choose ζ ( M)
10 These results are summarized on page 2 of DNW (2021): “In the case of Amazon, we estimate an increase in average hourly wages [of competitors]
as a result of the policy of 4.7%, controlling for unrelated trends in wages at the occupation and commuting zone level. Given the size of the increase for
Amazon’s wages, roughly 20%, our results imply a cross-employer wage elasticity of 0.26.
11 In the baseline model without a minimum wage, firms have identical markdowns for both types.
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Figure 6: Replication of DNW (2021) - Follower responses to leader voluntary minimum wage

to keep the average wage change of the leader consistent with the data. The required value of ζ increases from
around 0.40 to 0.60 suggesting that leaders can increase wages by 20 percent while still maintaining markdowns
that are around half as wide.12
Results.

Figure 6 gives the results of this exercise. Qualitatively, as in the data, the model generates an increase in

competitors’ wages. The increase in the leaders’ wage increases its market share and reduces that of its competitors.
Competitors’ wages then increase as their markdowns narrow. Quantitatively, as in the data, this response is
around a 4 percent wage increase.13 With a higher M j , competitors care less about the largest firm so their wages
respond by less. This suggests an additional margin of cross-sectional variation that empirical research following
DNW may explore. Panel B takes the ratio of competitor to leader wage responses to produce the cross-employer
wage elasticity reported by DNW. Consistent with their findings this is around 20 percent.
Interpretation. A first point is that market leaders like Amazon can afford to pay higher wages in our model
precisely because their wages represent a markdown on the marginal revenue product of labor. If Amazon were
initially paying workers their marginal product, then increasing wages would lead to a severe contraction in their
employment. Indeed we find that ζ is substantially less than one. A second point is that competitors’ wages
increasing does not mean that competitors grow. Indeed, we find that competitors shrink, as employment across
firms are strategic substitutes, and Amazon’s share of payroll increases.14

5.3

Summary

We have shown that the model successfully replicates and gives a natural interpretation to key papers in the
empirical literature on the reallocative effects of minimum wages and the strategic nature of wage setting. These
as necessary features of the data for a model to replicate. We therefore view this section as positioning the model
well for the main quantitative contribution which is to compute the optimal minimum wage.
12 We

plot ζ and leader firm wage change in Appendix Figure A1, which confirms that it replicates the data.
in DNW we compute the average log change in competitors’ wages market by market, and then take an unweighted average across
markets.
14 DNW do not have data on firm employment. Hence empirical evidence on competitors’ employment changes is not is not available at
this point.
13 As
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6

Optimal minimum wage

With our calibrated and validated model in hand we now compute the optimal minimum wage for the economy.
e and ω. Our baseline exercises
We use Lemma 1, 2 and 3 to split the welfare effects into the shadow markdown µ
consider a household Frisch elasticity ϕ = 0.50 and risk aversion σ = 1.05. At the end of this section we show how
our results change for various values of σ and ϕ.
Efficient benchmark. A useful benchmark are the welfare gains associated with a transition to the steady-state of
the efficient economy. If an efficient economy were decentralized, then all firms’ markdowns in the decentralized
e = 1, and ω = 1,
economy would be equal to one, such that wij∗ = mrplij∗ . This implies that in the aggregate µ
since there is no heterogeneity in markdowns. Under a utilitarian welfare criteria, the welfare gains associated
with the efficient allocation are large: Λ∗π = 14.82 percent and can be implemented with a firm-specific minimum
wage. Increasing aggregate productivity by 20.87% in our baseline non-competitive economy yields an equivalent
welfare gain.

6.1

Welfare maximizing minimum wage

Optimal federal minimum wage. Figure 7 depicts our main results. Panel A plots consumption equivalent welfare gains for minimum wages in the range of $0 to $25 per hour. Using a utilitarian welfare criteria (solid black),
the optimal minimum wage is $14.41 (depicted by the vertical magenta line). Based on 1,777 annual hours worked
(OECD, 2019) this corresponds to an annual minimum salary of approximately $25, 800. At the optimum, noncollege workers have a 2.83 percent consumption equivalent welfare gain, whereas college workers have a -2.92
percent consumption equivalent welfare loss. Thus, the minimum wage leads to significant redistribution. Our
model further allows us to assess the optimal policy for each type of worker. Among non-college workers (red
circles), the optimal minimum wage is $15.50 . At a minimum wage of $15.71, the non-college worker’s consumption equivalent welfare gain is 3.04 percent compared to a −3.65 percent welfare loss for college workers. College
educated workers (blue squares), prefer to abolish the minimum wage. We explore the mechanisms governing
these gains and losses below.
Equivalent increases in TFP.

To put this in context, Panel B plots the percent increase in aggregate total factor

productivity Z that would yield the same equilibrium welfare gains shown in Panel A. Productivity must increase
by 1.17 percent to generate the same welfare gains as a minimum wage of $14.41 , and by 4.18 percent to generate
the same non-college welfare gains as a minimum wage of $15.71 per hour. That is, a minimum wage delivers
around 7 percent of the productivity gains associated with the efficient allocation (= 1.17/14.82).15 Unlike minimum wages, however, Panel C shows that an increase in productivity is egalitarian. Productivity increases result
in identical welfare gains across college and non-college workers.

6.2

Aggregates

Before using the wedges to unpack the welfare effects of minimum wages, we first consider aggregates at the
economy and household level in Figure 8. Panel A depicts log changes in aggregate consumption, capital and
output. Consumption and capital are proportional to output, and thus their log changes are identical (red solid). At
15 The scope of this paper does not include considering alternative policies that might have larger welfare effects. We leave this for future
research.

27

Figure 7: Minimum wages and welfare
Notes: Panel A plots the welfare gain from the minimum wage. We consider utilitarian (black solid), among non-college (red circle), and
0
among college (blue squares). Panel B plots the percent change in TFP, ∆, such that increasing TFP to Z = (1 + ∆) Z in an economy without a
minimum wage delivers the same welfare as the minimum wage economy. Panel C plots the associated welfare gains using the TFP increases
in Panel B.

the optimal minimum wage of $14.41, output, consumption, and capital are effectively unchanged (their deviation
from the non-minimum wage economy is -0.01 percent). Minimum wages have weak effects on aggregate output,
consumption, and capital.
Aggregate.

Employment—measured in hours not disutility—initially increases and then declines as the min-

imum wage expands. At a minimum wage of $14.41, aggregate employment is 1.78 percent lower, while the
average wage is 5.62 percent higher. As a share of total income, aggregate capital income and profits falls by 5.77
percentage points. Despite wages increasing monotonically as a function of the minimum wage, shadow wages
follow a hump shaped path. As the minimum wage rises and firms move into Region III, labor rationing occurs. The binding multiplier on the household problem lowers the shadow wage faced by households to equate
labor supply and labor demand. These shadow wages ultimately govern employment and the labor supply of
households, and thus their concave shape implies a similarly concave shaped employment response.
Lastly, we plot the change in labor due to wealth effects by plotting the portion of the labor response driven
by changes in consumption (e.g. holding all else fixed in the household’s labor supply condition, except changes
in consumption). As the minimum wage climbs above $15.00, consumption declines and wealth effects drive
workers into the labor market.
Non-college household.

We now describe how these labor demand and supply effects work across households.

Panels B and C split aggregates among college and non-college educated workers. Non-college workers initially
work more at moderate levels of the minimum wage between $7.50 and $10.00, as firms expand into Region II.
However, their employment declines at an accelerating rate as the minimum wage expands further. At a minimum
e k , for non-college labor leads employment to be 3.29 percent
wage of $14.41, the reduced demand encoded in W
lower despite wages increasing by 8.12 percent. Recall that we estimated that non-college workers were roughly
40 percent less productive than college workers. As a result, minimum wages bind at much lower levels at the
non-college production units of firms. As firms ration their employment of non-college workers, the gap between
actual wages and shadow wages, which reflect rationing, widens. Rationing becomes so pervasive that shadow
wages actually begin to fall when the minimum wage exceeds roughly $16.00 per hour. Wealth effects play very
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Figure 8: Minimum wages and aggregates by worker type
Notes: Panel A plots aggregates as a function of the minimum wage. All variables measured as log difference from baseline economy with no
minimum wage. Output, consumption, and capital move identically in log changes. Employment wealth effects are given by holding all else
fixed in the household’s labor supply function except consumption. Panel B repeats the exercise for non-college workers. Panel C repeats the
exercise for college workers.

little role.
College household.

Panel C shows that college workers average wage increases more slowly as their initial

wages are relatively higher than non-college wages. There is only a small difference between average wages and
shadow wages, implying little rationing of college workers The response of non-college households is a story of
wealth effects. College workers own most (≈90 percent) of the claims to firms and capital. As minimum wages
expand, firm profits fall (see Figure 2) even though capital (and capital income) remain relatively stable. As a share
of total income, capital income and profits drops by 11.18 percentage points (green line). The decline in profits
and capital income tighten the household budget constraint, increasing the marginal utility of consumption and
expanding household labor supply. Wealth effects account for the majority of the increase in employment (dashed
think pink line). With higher labor supply and lower consumption the household experiences welfare losses
depicted in 7.
Combined, the muted aggregate employment response is a combination of increases in labor demand due to
narrowing markdowns flipping over to a contraction in labor demand for non-college workers, and an expansion
in labor supply at college households due to lower profits and capital income.
Regions. To understand why shadow wages and average wages deviate so much for non-college workers and
so little for college workers, Figure 9 plots the number of firm production units and share of employment in each
region. The solid lines correspond to college workers and dots correspond to non-college workers. Panel A plots
the share of firms in each region. The share of firms with non-college production units in Region III increases
quickly, even for low values of the minimum wage. At the utilitarian optimal minimum wage roughly 50 percent
of non-college production units are in Region III and are thus rationing employment below its (partial equilibrium)
efficient level. Nearly 20 percent of non-college production units are in Region II, and would further increase employment if the minimum wage expanded further. At a minimum wage of $25.00, nearly all non-college production units are in Region III. Panel B repeats this exercise but with shares of employment. Only roughly 7 percent
of non-college employment is in Region III at the optimal minimum wage, despite half of non-college production
units entering Region III. This reflects both the low productivity and high degree of rationing occurring in these
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Figure 9: Distribution of positions and employment across regions (Dots - Non-college, Lines - College)
Notes: Panel A plots the share of non-college (dots) and college (solid) production units in each region as a function of the minimum wage.
Each firm ij has k production units, yijk . For each type of worker k, we then count the fraction of production units in each region. The sum of
the solid lines is 100%, and the sum of the dotted lines in 100%. Panel B repeats this exercise using the share of employment.

plants. On the other hand, at the optimum, college workers remain predominantly in productive, unconstrained
firms.

6.3

Accounting for welfare effects - Shadow markdowns and misallocation

Market power vs. Misallocation. Figure 10 explores the implications of minimum wages for both the shadow
e and misallocation ω. Panel A plots the shadow markdown µ
e and misallocation ω for the aggregate
markdown µ
e increases). At a
economy described in Lemma 3. As the minimum wage increases markdowns narrow (i.e. µ
minimum wage of $14.41, the shadow markdown has narrowed by 2.50 percent. This translates to a level difference
in markdowns of 1.80 percent, meaning workers take home 1.8 percent more of their marginal product. However,
as the minimum wage increase further the shadow markdown widens, encoding the gap between minimum wages
and shadow wages for firms in Region III.
Misallocation initially improves (although not visible to the naked eye) as labor is reallocated away from low
productivity firms as in Figure 4. Quantitatively these benefits are small quickly deteriorate beyond minimum
wages of $10 as Region II firms compete workers away from Region I firms. Aggregate misallocation shaves
almost one percent off output at the optimal minimum wage.
Panels B an C plot the markdown and misallocation wedges separately for college and non-college workers.
With lower productivity the patterns for non-college workers are an accelerated version of the patterns for noncollege workers. For non-college workers, markdowns improve by 3.59 percent at a minimum wage of $14.41,
and workers take home 2.59 percent more of what they produce. Misallocation significantly worsens among
non-college workers as mid-productivity production units expand at the expense of high-productivity production
units, taking around 2 percent off of non-college production. For non-college workers (panel C) minimum wages
have to increase substantially before they bite, and most employment remains largely in Region I. Markdowns
only narrow by 1.04 percent among college workers at the optimum.
We can use the general equilibrium conditions of our Lemmas to solve out consumption and employment under counterfactual paths of the wedges, and hence compute welfare gains due to each wedge. Panels D shows
how aggregate labor market power and misallocation contribute to welfare gains from minimum wages. At the
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Figure 10: Optimal minimum wage, and decomposition into aggregate wedges
Notes: Panel A plots the aggregate wedges expressed as a log difference from the baseline economy with no minimum wage. Expressions
for markdowns and misallocation are given in Lemma 3. Panels B and C repeat the exercise for non-college and college workers. Panel
D plots aggregate utilitarian welfare Λ(w) (solid) and welfare only varying aggregate markdowns (red circles) and only varying aggregate
misallocation (blue squares). Panel E repeats this exercise for non-college worker welfare λ2 (w). Panel F repeats this exercise for college
worker welfare λ1 (w).

optimum, more than 100 percent of the welfare gains are explained by narrower markdowns. Narrower markdowns raise welfare by 1.36 percent, explaining 158 percent of the overall utilitarian welfare gain of 0.85 percent.
On the other hand, worsening misallocation contributes to a welfare loss of 0.49 percent.
The impact of the minimum wage on these distortions impacts heterogeneous households differently. At the
optimal utilitarian minimum wage, the welfare gains of non-college workers are entirely explained by narrower
markdowns (Panel E). With little profits or capital income, non-college households do not bear the brunt of the
effects of worsening misallocation on output. By themselves, narrower markdowns result in welfare gains of
3.0 percent among non-college workers, explaining 106% of their total welfare gain. Misallocation reduces their
welfare by −.17%.
On the other hand, college households’ welfare is more closely tied to misallocation (Panel F). Roughly 39
percent of the welfare losses are due to misallocation which eats into total sales, and the remaining 61 is due to
declining labor market power, which eats into profits. The welfare losses from misallocation are due to productive
firms in Region I losing market share to expanding but less productive firms in Region II. Recall that Figure 3
illustrated that unconstrained firms raise wages less than one-for-one as their competitors face the minimum wage,
and as a result higher fewer workers.
Given these results, we focus on unpacking the role of shadow markdowns on non-college worker welfare, and
misallocation on college worker welfare.
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e
Figure 11: Unpacking the positive welfare effect of an increase in the aggregate shadow markdown µ
e1 to vary (green x’s) and allowing
Notes: Panel A plots welfare for the non-college household λ2 (w) only allowing non-college markdowns µ
both college and non-college markdowns to vary (red circles). Panel B plots markdowns for firms in each region. The wedges within each
region are aggregated into µk according to equation (9). Panel C plots the weights on each µrk associated with the aggregation in equation (9).

6.4

e
Decomposing the role of shadow markdowns - µ

What determines the increase, or narrowing, of the shadow markdown? Figure 11A returns to the large increase in
welfare that minimum wages can generate for non-college workers, and shows that it can be understood entirely
e2 . To facilitate discussion, panels B and C
through the shadow markdown associated with non-college workers µ
decompose the following weighted average of firm level shadow markdowns:
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For non-college workers, Figure 11B shows that this decomposable average (µ2 , dotted line) closely approximates
the true wedge (e
µ2 , solid line), so we can go ahead with this decomposition for our analysis.16 Panel B plots the
average shadow markdowns by region {µrk }3r=1 and Panel C gives the associated weights {ξ rk }3r=1 .
When the minimum wage increases, markdowns narrow rapidly among firms in Region II as they move out
along their labor supply curves. However, the most productive firms, which constitute the majority of payroll
and employment, remain in Region I with stable markdowns. Panel C shows that Region I firms’ weight in
the average non-college markdown is nearly 100 around the optimal minimum wage. As a result, aggregate
markdowns only rise modestly as firms enter Region II. Nonetheless, this small narrowing of markdowns delivers
the substantial welfare gains seen in Panel A. Off-setting this are the tightening rationing constraints, widening
shadow markdowns at Region III firms, who account for an increasing share of productivity. Shadow markdowns
are the welfare relevant metric of wages, and thus deteriorating shadow markdowns translate into large welfare
16 A

more accurate decomposition is difficult in this setting due to the nested structure of markets.
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Figure 12: Unpacking the role of misallocation
Notes: For Panel A we solve the general equilibrium of the model moving only one misallocation wedge ωk at a time. For Panel B we solve the
general equilibrium of the model moving only the non-college worker misallocation wedge ω2 . For Panel C we solve the general equilibrium
under all wedges, and decompose the contributions of different firm-skill production units to ω2 .

losses.

6.5

Decomposing the role of misallocation - ω

In Figure 12, we explore the consequences of misallocation for welfare of college workers. First, Panel A shows
that college welfare λ1 (w) is a decreasing function of the minimum wage because of misallocation occuring among
non-college workers production units. Only allowing misallocation among college workers to vary (x’s) explains
very little of their welfare losses, whereas only allowing misallocation among non-college workers to vary (o’s)
yields nearly all of their welfare losses.
Why do college workers care so much about misallocation among their non-college counterparts? Panel B
shows that as the minimum wage rises, misallocation across non-college production units explains nearly 100
percent of the decline in capital and profits in the economy. Misallocation lowers efficiency of non-college firms,
implying less capital and lower profits in equilibrium. Since college workers earn more than 90 percent of the
capital and profit income in the economy, their welfare moves in lockstep with this income.
To dig into what is driving this misallocation, Panel C decomposes ω2 into contributions by constrained and
unconstrained firms, using the same decomposition as above but applied to ωij2 ’s. Non-college production units
in Region 1 are the majority of payroll and employment, and as minimum wages increase, employment is bid
away from these firms. This results in more severe misallocation (declining ω2 ), which—due to their high share of
activity—shapes overall misallocation. These effects cannot be offset by the improvement in misallocation coming
from Region II firms, and overall misallocation deteriorates quickly beyond a minimum wage of $15.

6.6

Alternate welfare criteria

The result that the optimal minimum wage under the utilitarian objective function is largely determined by the
ek of non-college workers, can be made more clearly by computing the welfare maximizing minimum
path for µ
wage under a minimum wage that applies only to non-college workers. Figure 13 compares this occupation-specific
minimum wage case to the baseline broad minimum wage. The optimal minimum wage increases only slightly
to $14.57 relative to our baseline of $14.41, while under a Pareto-weighted welfare function it decreases from
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Figure 13: Welfare effects of a minimum wage that applies only to non-college workers
Notes: This figure presents results for a minimum wage that applies only to non-college workers. The corresponding optimal minimum wages
under the Pareto-weighted welfare function are $7.39 in the case of a minimum wage for all workers and $6.89 in the case of a minimum wage
for non-college workers only.

Figure 14: Role of heterogeneity: Comparison to homogeneous worker economy
Notes: Panel A zooms in on Figure 10D for the heterogeneous household benchmark, between wages of zero and $15. Panel B reproduces this
ek = 1.
figure in an economy with homogeneous households: πk = ξ k = ϕ

$7.39 to $6.89. In both cases the welfare differences are tiny. The implication is that occupation based minimum
wages in our economy do not have scope for substantial welfare gains relative to a broad minimum wage, which
presumably would be simpler to implement.

6.7

Accounting for the role of heterogeneity

Finally, we compare our results to what one would obtain in an economy without worker heterogeneity. Figure
14 compares our baseline decomposition of Figure 10, to that of an economy in which Z and ϕ are recalibrated to
match the fraction of workers with wages below $15, and average firm size, but the parameters controlling hetek } are all set to one. In the homogeneous worker economy, the firms that are initially pushed
erogeneity {ξ k , πk , ϕ
into Region III now employ relatively more productive workers, and hence the gains from resolving misallocation
are around twice as large. The flip side of this is that misallocation decline more rapidly as workers are reallo-
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cated away from the best firms as the minimum wage moves further up the distribution. The welfare gains from
an improved shadow markdown are slower to increase, and peak far after the optimal minimum wage. Hence,
accounting for heterogeneity is important for capturing the large swing in the shadow markdown that defines the
optimal minimum wage in the heterogeneous worker economy.

6.8

Indirect measures

In the absence of a model, researchers may try to infer the benefits or costs of minimum wages from other measures
of the labor market. Here we go through a number of such measures, which tend to each behave monotonically,
while welfare is hump-shaped by worker type and in the aggregate. Hence each is a qualitatively flawed measure
of welfare effects of minimum wages. These reduced for measures capture spillovers up the wage distribution,
income inequality between and within skill groups, labor market concentration and the labor share.
Spillovers.

Figure 15A and 15B show that there are indeed such spillovers: the minimum wage has substantial

effects on the wage distribution. For minimum wages between $10 and $15, there is significant wage compression.
While spillovers are still present all the way up to the 90th percentile of the wage distribution, the 10t h percentile
moves one-for-one beyond minimum wages of $10. This contributes to declining wage inequality.
Panel B formalizes the role of spillovers at the upper percentiles of the wage distribution. Those at the median
enjoy wage increases of roughly 2 percent at our optimal minimum wage of $14.41, despite being paid significantly
above the minimum wage. Even the 75th and 90th percentiles of the wage distribution enjoy wage gains of roughly
1 percent. These results are consistent with empirical studies in the minimum wage literature that document
spillovers up the wage distribution (e.g. Engbom and Moser (2021) among others).
Wage inequality.

We can quantify how these changes contributed to standard measures of wage inequality. Panel

C shows that, quantitatively, a minimum wage of $15 reduces the college wage premium (which we match by construction in the baseline) by around 8 log points. Panel D shows how this affects the variance of log wages, which
decreases by about 40 percent from a minimum wage of zero to the optimal minimum wage. This decline is driven
by both the college premium (across types) and within types, with the latter contributing the greatest amount.
Even within college workers wage inequality falls by about one third at a $15 minimum wage. Our welfare results
in Figure 10 are qualitatively at odds with any inference that declining inequality is welfare improving: past $16,
even non-college households would prefer more inequality and greater efficiency.
Concentration and the labor share. Figure 16 shows that a higher minimum wage increases both concentration
and the labor share monotonically (these are flat until around $7), with larger effects on non-college workers. As
unproductive firms quickly grow then shrink into Region III, concentration increases, despite the reallocation of
some employment from Region I to Region II firms. Unlike the shadow markdown which increased and then
decreased, the labor share is related to more standard measures of the markdown. At the firm-type level
lsijk =

wijk nijk
µijk mrplijk
αγ
=
=
× µijk .
yijk
yijk
1 − (1 − γ ) α

For firms in Region I, µijk is narrowing due to competitive pressures, in Region II its narrowing as the firm is
constrained, and in Region III w = mrplijk so µijk = 1. Hence the labor share is monotonically increasing. Similar
e and the labor
to inequality, this shows that the minimum wage can lead the welfare relevant markdown measure µ
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Figure 15: Wage spillovers and wage inequality
Notes: Panel A plots percentiles of the overall wage distribution (both college and non-college). Panel B plots wage changes at the upper
percentiles of the overall wage distribution. Panel C plots the college wage premium measured as the log difference in mean wages across
education groups. Panel E decomposes the variance of log wages into within- and between-type wage variance. Note that in all cases this is
the variance of wages across workers instead of across firms.

share to move in opposite directions. Quantitatively, over this substantial range of a minimum wage increase, the
aggregate labor share increases by slightly more than 5 percentage points. Our subjective view is that this is a large
increase, and we conclude that quantitatively Federal minimum wages (i) can have large effects on the labor share,
(ii) these may have negative welfare effects.

7

Robustness

First, we provide bounds on optimal minimum wages and welfare gains under different configurations of aggregate preference parameters ( ϕ, σ). Second, we recalibrate the model under alternative distributions of capital and
profit income. Third, we compute the optimal minimum wage under alternative welfare weights. Fourth, we
consider short-run effects of minimum wages by keeping capital fixed, as opposed to the previous results which
can be viewed as long-run effects.

7.1

Sensitivity to preference parameters

Up to this point, we have studied the economy under specific preferences σ = 1.05, ϕ = 0.50. Since minimum
wages reduce capital and profit income, inducing outward labor supply shifts, wealth effects are crucial to under-
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Figure 16: The effects of the minimum wage on concentration and the labor share.
Notes: Panel A plots the wage-bill weighted payroll Herfindahl (HH I wn ). Panel B plots labor’s share of income.

stand the welfare effects of minimum wages, on the other hand ϕ effects how elastic labor supply is to increased
wages. We vary ϕ between 0.10 and 2.00 and we vary σ between 1.00 (log preferences) and 4.00, which represent the range of estimates used in macroeconomic models. As prefaced in Section 4, we recalibrate the shifter
parameters { Z, ϕ, ξ k , ϕk } each time to match the same moments in Table 1.
Results.

Figure 17A plots the welfare maximizing minimum wage as we vary preferences, and Figure 17B plots

the associated welfare gains. Two results are obtained. First, the optimal minimum wage is increasing in the
e has
assumed Frisch elasticity of labor supply. As ϕ increases, labor is less costly to supply and the increase in µ
a more sizeable impact on output and labor supply. Intuitively, if the elasticity of labor supply is higher, then the
narrower markdowns at Region II firms—and, due to complementarities, Region I firms—have a larger effect on
equilibrium employment and output.
Second, the utilitarian optimal minimum wage is increasing with curvature in consumption utility. To understand this recall that under utilitarian weights, an increase in σ twists the weights on household level welfare gains
toward households with low per-capita consumption: the motive to redistribute is increasing in σ. Repeating our
previous equation from the end of Section 2 under utilitarian weights:
"
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Since non-college households have both (i) lower per capita consumption, (ii) larger welfare gains from the minimum wage, an increase in σ increases the optimal minimum wage.
For non-college households welfare losses increase as we raise σ. Under higher σ the role of misallocation in
welfare grows, as utility becomes more sensitive to the loss in consumption caused by misallocation. Indeed, we
find that in a version of the model with only one type of household in the economy, and calibrated to the same
data, this amplification of misallocation effects dominates and the optimal minimum wage is decreasing in σ.
In summary we find that assumptions on the presence of wealth effects on labor supply and the value of the
elasticity of labor supply of individuals do have moderate effects on the value of the optimal minimum wage,
ranging from $13.50 under inelastic supply and log utility, to nearly $16 with more curvature in consumption and
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Figure 17: Sensitivity of the optimal minimum wage to wealth effects and labor supply elasticity
Notes: The optimal minimum wage under utilitarian welfare weights and the baseline calibration ( ϕ, σ) = (0.50, 1.05), is given by the blue
circle.

more elastic supply.

7.2

Sensitivity to wealth distribution

Our baseline results were obtained under calibrations where we chose the share of capital and profit incomes (ηk )
to replicate the empirical distribution of consumption from the CEX. College educated households represent 34.8
percent of households have 42 percent of labor income earnings, but account for 59.1 percent of consumption. This
required college households to earn a fraction η2 = 0.90 of capital income and profits. An alternative approach
would have been to calibrate ηk to observed shares of capital income and profits and drop the relative consumption
data. Since capital and dividend data are difficult to obtain, we consider two polar cases: hand-to-mouth (η2 = 0),
and equal per capita income (η2 = π2 / ∑k πk ).17
ek , ξ k to match all other
We consider only our baseline preferences ( ϕ, σ ) = (0.50, 1.05), and recalibrate Z, ϕ, ϕ
target moments: fraction of workers earning less than $15, relative average wages, relative total earnings and
average firm size. In terms of the re-calibration of the model, we find that the baseline, hand-to-mouth and equal
income cases deliver non-college consumption shares of 40.9 (the target from CEX data), 36.0, and 60.2 percent,
which are consistent with allocations of a planner with Pareto weights of 1 on college households and 0.66, 0.49,
1.45 on non-college households.
Results.

Table 3 gives the optimal minimum wage under utilitarian welfare weights, aggregate and type-specific

consumption equivalent welfare gains, The first two rows give the starting points of each column in red, and
the implied shares of capital and profit income in the baseline case and implied shares of consumption in the
alternative cases. As we might by now expect, when less exposed to declining profits and misallocation of factors
that result in lower capital income, a higher minimum wage is socially optimal from the perspective of a utilitarian
planner. Quantitatively, when non-college households are hand-to-mouth, the optimal minimum wage increases
to $14.78. If all individuals have equal shares of capital and profit income this declines to $7.82.
17 In the 2001 SCF, the share of total assets of non-college households is around 45 percent. Given under-measurement of capital and business
income by high income (i.e. college educated) households, this is likely an extremely low upper bound.
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A. Baseline

B. Alternative wealth distributions

Match CEX

Hand-to-mouth

Equal per capita

η2
c2 /C

9.60
40.9

0
36.0

65.2
60.2

π2 / ( π1 + π2 )
θ2 / ( θ1 + θ2 )

65.2
39.8

65.2
34.2

65.2
59.0

w∗
Λ (w∗ )
λ2 ( w ∗ )
λ1 ( w ∗ )

$14.41
0.86%
2.80%
-2.86%

$14.78
1.30%
3.75%
-3.38%

$7.82
0.13%
0.27%
-0.12%

w∗
w2∗

$7.39
$15.71

$7.22
$15.92

$7.60
$8.95

1. Targets in red, outcomes in blue
Non-college share of capital and profit income (%)
Initial non-college share of consumption (%)
2. Comparison of population share and Pareto weights
Non-college population share (%)
Implied non-college share of initial Pareto weights (%)
3. Optimal minimum wage under utilitarian welfare weights
Optimal minimum wage (weights in line 3)
Aggregate welfare gain
Non-college worker welfare gain
College worker welfare gain
4. Alternative welfare weights
Implied Pareto weights (weights in line 4)
Only care about non-college workers

Table 3: Optimal minimum wages under alternative assumptions on capital and profit income shares
ek , ξ k are recalibrated to match average wage, relative average wages, relative total earnings and average firm size. In
Notes: In all models Z, ϕ, ϕ
the baseline case, the starting point is the distribution of consumption (in red): the parameters (eta1 , η2 ) determining capital and profit income
shares are chosen to match the distribution of consumption. In the alternative cases, the starting point we set (eta1 , η2 ) directly.

7.3

Sensitivity to welfare weights

Given the redistributive effects of the minimum wage, it is not surprising that if welfare were evaluated under
welfare weights that loaded more on non-college households, then the optimal minimum wage would be lower,
and if loaded more on non-college households then it would be higher. Here we consider two obvious benchmarks.
Pareto-weighted welfare. Rather than using utilitarian weights, we could use the Pareto weights that one could
infer from the competitive equilibrium of the economy. Figure A2 plots the implied Pareto weights, which vary
with the minimum wage as the budget constraint of non-college households slackens and the budget constraint of
college households tightens. The implied Pareto weight increases from 0.40 to 0.42 at the optimal minimum wage,
which places it significantly lower than the utilitarian (i.e. population) weight of 0.65. Interpreting these Pareto
weights—tilted heavily toward non-college households—as reflecting the preferences of a stand-in U.S. planner,
we can ask what minimum wage maximizes social welfare under these weights. The second last row of Table 3
shows that the optimal minimum wage of $7.39 is remarkably close to the U.S. Federal minimum wage: $7.39.
With a higher weight on non-college households this optimal minimum wage varies very little across assumptions
on wealth shares.
Non-college only welfare.

At another extreme, what if policy makers only care about non-college workers. The

last row of Table 3 shows that the optimal minimum wage increases very little. That is, non-college workers
e2 , which deteriorates rapidly beyond a
recognize that their welfare is shaped by the shadow markdown wedge µ
$15 minimum wage. If they receive a larger share of capital income, then they become more exposed to worsening
misallocation and the optimal minimum wage declines (last column).
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7.4

Sensitivity to short vs. long run

In comparing steady-states we are implicitly studying the long-run effects of the minimum wage, but effects may
differ in the short-run if the cost of labor increases but capital is fixed. To compare short- and long-run effects we
vary the minimum wage, but keep firm capital fixed for each type at the allocation kijk under a zero minimum
wage. Under this putty-clay approach, capital is homogeneous pre-installation, but after installation it is type
specific, as in the models of long-vs-short run effects of Sorkin (2015) and Aaronson, French, Sorkin, and To (2018).
Firm profits from each type are now:


(1− γ ) α
γα
πijkt = Zξ k zij kijk
nijk −wijk nijk − Rkijk .
|
{z
}
α
zijk nijk

With capital now type-specific (clay) and fixed in the short-run, the production function has sharper decreasing
returns in variable labor (γα < e
α). Firms also face overheard costs of pre-installed capital, Rkijk , which may
cause some firms to shut down non-profitable jobs at high minimum wages. This requires adding an endogenous
margin of operation into the solution of the model.18 The aggregate equilibrium conditions are the same as in
Lemma 3, minus the capital demand condition. Capital supply is inelastic at R = 1/β + (1 − δ), but capital
´
Operate
Operate
demand is pinned down at K = ∑k ∑i 1ijk
kijk dj, where 1ijk
∈ {0, 1} indicates whether the firm operates
type-k capital in equilibrium.
Results.

Figure 18 plots the results. Panel A shows that the short-run optimal minimum wage declines by about

$2.50, driven by a sharp decline in the welfare gains to non-college households, λ2 (w). The welfare losses for
college workers are similar. Misallocation terms ωk varying similarly to the baseline, but there is a much sharper
ek for non-college workers. This contributes to smaller employment gains (Panel B).
contraction in µ
Theory. Figure 19 explains how the putty-clay model, monopsony and the minimum wage, combine to deliver
this result. Panel A considers a firm in an economy without a minimum wage, where capital is fixed at the allocation consistent with uncosntrained employment nij∗ . Short-run marginal and average products coincide with
long-run values at this point. Away from nij∗ , short-run mrplijSR is steeper due to sharper decreasing returns with

fixed capital. That is, if nij > nij∗ , then mrplijSR < mrplijLR . With fixed overhead capital, the arplijLR goes to zero

as nij goes to zero since overhead per worker explodes. The peak in arplijSR intersects with mrplijSR and gives the
maximum minimum wage the firm could afford and still operate: wijMax . At a higher minimum wage, setting
w = mrplijSR would imply arplijSR < w and shutdown is optimal.
ek . Take the
Panels B and C show how, under a minimum wage, these differences constrain the positive effect of µ
firm in Panel A, in the long run, at the minimum wage pictured in Panel B, the firm is in Region II: employment
is non-rationed (nij < nij ), and wages are a markdown on mrplijLR . A small increase in the minimum wage
increases employment and narrows shadow markdowns. In the short run, at the same minimum wage, the lower mrplijSR

(since nij > nij∗ ) places the firm in Region III: employment is rationed and shadow wages are less than mrplijSR .
Here a small increase in the minimum wage decreases employment and widens shadow markdowns. In the short run,
18 Market-by-market we first assume that all firms enter, and then solve the Nash equilibrium of the market and general equilibrium of the
economy. We then compute firm-type profits πijkt , which account for fixed capital costs. If any firm has profits πijkt < 0, we drop the lowest
productivity firm in the market and then solve the market equilibrium again. With fewer firms, labor market power of the remaining firms
increases, which increases profits, hence the need to remove only one firm at a time. We continue in this way until we reach a Cournot Nash
equilibrium: no firm with shut-down jobs wishes to re-open them given competitor’s operation and intensive margin labor decisions.
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Figure 18: Short- and long-run effects of minimum wages
A. Short and long run products

B. Long run

C. Short run

Figure 19: Partial equilibrium theory of minimum wage with capital fixed in the short-run
eij is increasing in w—is smaller, which constrains the
the range of w over which firms are in Region II—where µ
ek for non-college workers and the ensuing welfare gains of a higher minimum wage.
improvements in µ

8

Conclusion

In this paper we have provided a theoretical framework for studying the effect of minimum wages on welfare
and the allocation of employment across firms in the economy. The framework has three key features. First, each
market features strategic interaction between firms, which we have shown to be important for (i) quantifying the
reallocating effects of minimum wage policies, (ii) interpreting empirical evidence documenting such reallocation,
(iii) interpreting empirical evidence on employers’ responses to competitors’ minimum wages. Second, workers
are of heterogeneous types, which allows us to decompose the heterogeneous impacts on employment and wages
of minimum wages. Third, we provide a parsimonious nesting of this market model into a general equilibrium
economy and show how the economy aggregates, allowing for a succinct representation of the welfare effects of
e, and misallocation ω.
minimum wages via two aggregates wedges: the shadow markdown µ
We have shown that in such an economy an optimal minimum wage exists, and that it trades-off positive
effects of narrower markdowns against negative misallocation effects. Quantitatively, we find that a minimum
wage of $14.41 per hour is optimal, but the welfare gains from an optimal minimum wage are small, and amount
to the same as a 1.17 percent increase in total factor productivity. Minimum wage increases beyond this have
sharply negative effects as the shadow value of employment at firms with employment rationing increases, and
41

misallocation worsens.
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A PPENDIX
This Appendix is organized as follows. Section A provides additional tables and figures references in the text. Section B details the algorithm for solving the minimum wage economy. Section C contains additional mathematical
derivations and proofs referenced in the text.

A

Additional tables and figures

Figure A1: Replication of DNW (2021) - Follower responses to leader voluntary minimum wage

Figure A2: Changing shares of non-college workers
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A. Model

B. Data
Data 1

I. Replication
Minimum wage
Fraction below w pre-policy

$12.00
0.15

II. Variable x in elasticity: ∆ log x/Gap
Market employment
Average wage
Firm exit (number of firms with nij ≥ 1)
Number of ‘micro’ firms (with 1 ≤ nij ≤ 2)
Average firm size
Average revenue per worker

-0.06
1.04
-0.48
-0.18
0.42
0.29

Data 2

8.50 EUR
0.15
0.02
0.69
-0.19
-0.27
0.15
0.31

0.38
0.80
-0.24
-0.35
0.31
1.04

Table A1: Minimum wage reallocation effects including single firm markets
Notes: Single firm markets included. Data estimates for “Data 1” and “Data 2” are respectively taken from p.54 of Dustmann, Lindner,
Schoenberg, Umkehrer, and vom Berge (2021), Table 7, Columns (2) [regional controls and region specific linear trend] and (4) [regional controls
∑ max{w − w` , 0}h`
interacted with year fixed effects]. Let ` index individuals in the data. The minimum wage gap Gap in the data is `
. The
∑` w` h`
´
∑k ∑i max{w − wijk , 0}nijk dj
´
Gap defined in the model is
.
∑k ∑i wijk nijk dj
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B

Algorithm for the minimum wage economy

For ease of exposition, we lay out the minimum wage problem ignoring capital, with GHH preferences, and for
one type only. Consider the household problem with the added constraint nijt ≤ nijt . Here nijt is an object that the
household takes as given, and is determined in equilibrium. For ease of interpretation we attach multiplier λt νijt
to the new labor supply constraint, normalized by the household budget multiplier λt :

U0 =

∑ βt u Ct −

max

{nijt ,cijt } t=0

ˆ
Ct

1+ ϕ1
Nt
1 + ϕ1



∞

=

1
1

ϕϕ


β ∈ (0, 1)

,



∑ wijt nijt dj + Πt

,

ϕ>0

[λt ]

i

nijt
Ct

≤ nijt
∀{ij}
ˆ
=
∑ cijt dj

[λt νijt ]

i

 θ
1
θ +1
"
η  θ+
#
θ
ˆ
η +1 
η +1
 

η

dj
  ∑ nijt




Nt

=

i

In order to solve the firm’s problem, we will have to take account of the normalized households multipliers, νijt ,
on equation (∗). The firm’s problem is given by:
πijt

s.t.

e zijt neα − wijt nijt
= max Ze
ijt
nijt

wijt

= νijt + ϕ

wijt

≥ w

− ϕ1

1
ϕ

Nt

N jt
Nt

! 1θ

nijt
N jt

! η1

Define the shadow wage-bill share:
e
sijt =

(wijt − νijt )nijt
∑i∈ j (wijt − νijt )nijt

Define the shadow sectoral and aggregate wage indexes:
"
f
W jt :=

∑



wijt − νijt

1+ η

#

1
1+ η

ˆ
,

f
Wt :=

i∈ j

B.1

f
W1jt+θ dj



1
1+ θ

.

Minimum wage solution algorithm

We implement the following solution algorithm. We denote the Region that a firm is in by rijt ∈ { I, I I, I I I, IV }.
f(0) , (ii) assuming all firms are in Region I, r (0) = I, which
Initialize the algorithm by (i) guessing a value for W
t

implies guessing

(0)
νijt

ijt

= 0. These will all be updated in the algorithm.

1. Shadow shares in market equilibrium
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(0)

(a) Guess shadow shares e
sijt .
(b) Region I - Here the minimum wage does not bind, solve for the firm’s wage as before, except with the
shadow aggregate wage index f
Wt instead of Wt :
"

(l )− (
α)(θ − ϕ)
(1−e
e
e
sijt f
Wt
zijt e
sijt



wijt = ωµ

1−e
α)(η −θ )
η +1

#

1
1+(1−e
α)θ

(c) Regions II, III, IV - Here the minimum wage is binding so set wijt = w.
(k)

(k)

eijt = wijt − νijt
(d) Given the guess νijt and wijt , compute the shadow wage: w
eijt :
(e) With all shadow wages in hand, update shares using w

( l +1)

e
sijt

=

1+ η
eijt
w
1+ η
eijt
∑i ∈ j w


eijt ϕ
w


eijt nijt
w

=
:=

∑i∈ jweijt nijt

eijt ϕ
∑i ∈ j w

( l +1)

(f) Iterate over (b)-(e) until shadow shares converge: e
sijt

eijt
w
f
W jt



η 

eijt
w
f jt
W

f
W jt
f
Wt

η 

θ

f
W jt
f
Wt


ϕ
f
Wt

θ




ϕ

f
Wt

(l )

=e
sijt .

2. Recover employment - Here we use the wages from the previous step plus the current guess of each firms’
f jt , W
ft . Then by region r (k) :
eijt to compute W
region. First use w
ijt

- Region I - Firm is unconstrained:

nijt = ϕ

wijt
f jt
W

!η

f
W jt
ft
W

!θ
ϕ
f
Wt

- Region II - Firm is constrained and nijt determined by household labor supply curve at w:

nijt = ϕ

w
f
W jt

!η

f
W jt
f
Wt

!θ
ϕ
f
Wt

- Region III, IV - Firm is constrained and nijt determined by firm labor demand curve at w:

wijt = MRPLijt

=⇒

nijt =

e zijt
e
α Ze
w

!

1
1−e
α

(k)

3. Update the multipliers: νijt

(a) Use nijt to compute N jt , Nt .
(b) Update νijt from the household’s first order conditions:

( k +1)
νijt

= wijt − ϕ
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− ϕ1

nijt
N jt

! η1

N jt
Nt

! 1θ

1
ϕ

Nt

(k)

4. Update f
Wt :
( k +1)

eijt = wijt − νijt
(a) Compute w

( k +1)
eijt to update the aggregate shadow wage index to f
(b) Use w
Wt
.

5. Update firm regions:
e zijt neα − wnijt .
(a) Compute profits for all firms: πijt = Ze
ijt
(b) If in sector j there exists a firm with wijt < w, then move the firm with the lowest wage into Region II.
(c) If in sector j there exists a firm that was initially in Region II and has negative profits πijt < 0, move that
firm into Region III.19
( k +1)

6. Iterate over (1) to (5) until νijt

C

(k)

( k +1)

= νijt and f
Wt

(k)

=f
Wt .

Additional mathematical details

This section is to be completed.

19 We do not need to distinguish Region III from Region IV in the algorithm, since the determination of equilibrium wages and employment
are the same in each region.
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